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Abstract—Unlike the classical distributed consensus protocols
that enable a group of agents to reach an agreement regarding
a certain quantity of interest in a distributed fashion, the
distributed biased min-consensus protocol (DBMC) has been
proven to handle the advanced complexity of solving the shortest
path problem. Such a protocol is commonly incorporated as
the first step of a hierarchical architecture in real applications,
such as robot path planning and the management of dispersed
computing services. However, a major limitation of DBMC is the
lack of results regarding its convergence within a user-assigned
time frame. In this paper, we first propose two control strategies
to ensure that the state error of DBMC decreases exactly to
zero or a desired level within a finite time specified by the
user. This paper further investigates the nominal DBMC itself.
By leveraging small-gain based stability tools and embedding
DBMC into a framework applicable to such tools, this paper
also proves the global exponential input-to-state stability of
DBMC, outperforming its current stability results. Simulations
are provided to validate the efficacy of our theoretical results.

Index Terms—Consensus, Biased min-consensus, The shortest
path problem, Pre-specified finite time control, Small-gain theo-
rem

I. INTRODUCTION

The distributed consensus protocol, which aims to ensure
that all agents reach an agreement in a distributed fashion, is
one of the fundamental problems in the control field and has
been extensively studied over the past decades [1]. Depending
on the agreement value, consensus can be roughly divided into
3 categories: 1) average-consensus; 2) min-consensus; and 3)
max-consensus, their merits can be observed in practical fields
including formation control, clock synchronization, load bal-
ancing and so on [1]-[3]. Different from distributed consensus
protocols which mainly serve as a means to mitigate state dif-
ferences between agents, the distributed biased min-consensus
protocol (DBMC) proposed in [4] has been proven to produce
complex behaviors related to the shortest path problem [5],
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which is a complicated combinatorial optimization problems
studied in computer science and artificial intelligence. In
particular, DBMC is capable of enabling each node in a graph
to find the shortest path (in the sense that the sum of weights
of its constituent edges is minimized) from its nearest source.
Moreover, compared with the classical centralized shortest
path algorithms, such as Dijkstra’s algorithm [6], Bellman-
ford algorithm [5], A* algorithm [7], DBMC possesses better
scalability and robustness. Specifically, 1) it is a distributed
algorithm based on dynamic evolution; and 2) it achieves
global stability as it has no requirement on the initial states,
while the aforementioned classical methods all require the
initial states to be infinity.

Given the above advantages of DBMC, stability of DBMC
(especially the discretized version) has been well studied
within the control community. [8]-[13] have demonstrated that
the discrete-time DBMC and its variants converge within a
finite number of iterations, providing different upper bounds
for this number. Our prior work [12] also shows that the
ultimate boundedness of the discrete-time DBMC under per-
sistent perturbations on the edge weights, using a discrete-time
Lyapunov-based approach. Owing to its finite time conver-
gence, fruitful applications based on the discrete-time DBMC
have explored. For instance, in [8], [11] the discrete-time
DBMC is adopted to search the fastest charging station with
the lowest overall objective and to discover the best supply
candidate with minimum power loss in power and traffic
networks, respectively. [10] utilizes the discrete-time DBMC
to realize the optimal and safe path planning for unmanned
surface vessels. In contrast to its discretized version, theoret-
ical analyses of DBMC remain scarce. [4] proves the global
asymptotic stability of DBMC via using LaSalle’s invariance
principle. The regional exponential stability (requiring the
initial states to be overestimates) of DBMC is further demon-
strated in [14] by designing a non-smooth Lyapunov function.
However, to the best of our knowledge, no existing work
addresses the convergence of DBMC within a pre-specified
time. This lack of research impedes the development of DBMC
in real applications, where it is commonly incorporated as a
core and initial part of the hierarchical architecture, neces-
sitating its convergence in a prescribed time. For example,
obtaining the optimal path for subsequent obstacles avoidance
in robot path planning [10], or calculating the best route for
the following management of dispersed computing services
in content delivery networks [15]. Even though the discrete-



time DBMC can attain finite time convergence, the derived
upper bounds on the finite time in existing literature are all
defined by structural parameters of the graph, such as the
number of nodes or the diameter [9], [10], [12], resulting in
its inapplicability in situations where DBMC must complete
within a given time. Moreover, the incompatibility between
discrete-time DBMC and dynamical systems highlights the
importance of developing a version of DBMC that guarantees
convergence within a prescribed time.

Recently, pre-specified finite time (PT) control for nonlinear
systems has garnered increasing attention. The salient feature
of such control strategy is that it ensures the system stabilizes
within a prescribed finite time, irrespective of initial condi-
tions or any other design parameters [16]. This capability
outperforms traditional finite time or fix time control strategies,
whose settling times depend on either the initial states or a
conservative estimate [17]. Furthermore, the PT stabilizing
effect can be achieved by placing a novel but simple time-
varying scaling function in the feedback loop [18], which
allows it to be integrated into DBMC to guarantee convergence
within a pre-specified time. However, infinite gain may occur
at the presetting time instant while implementing PT control
under noisy environment [17], [19], [20], limiting the practical
usage of such method. To address this issue, practical pre-
specified finite time (PPT) control has been proposed [21].
PPT control is a less ambitious version of PT control, ensuring
that within the preset time, the state error converges to a
neighborhood around the origin, with the magnitude adjustable
by a user-defined parameter. Similar to PT control strategy,
practical finite time stabilizing effect can be attained by
employing a continuous time-varying function, such as a time
base generator (TBG), as the feedback gain [22].

Motivated by the above PT, PPT control strategies and the
urgent need for improving DBMC with user-defined conver-
gence time, in this paper we provide three design strategies
for DBMC suitable for various application scenarios. As for
PPT stabilization, inspired by the convergence pattern of the
shortest path where a node can determine its shortest path
only after its parent node has done so, instead of using TBG
directly, we repeatedly use the truncation of TBG to achieve
the PPT stabilizing effect in an orderly manner, starting from
the source node and extending to the entire network. For
PT stabilization, technical issues arise as the feedback gain
approaches infinity at the presetting time instant. By con-
catenating the time-varying scaling function with a constant
and subtly designing an upper bound on the state error, we
prove the continuity of the DBMC dynamics under PT control
strategy, ensuring a continuous PT stable solution over the
whole time interval. Turning back to the nominal DBMC with
a constant feedback gain, we adopt a Lyapunov-based small-
gain framework [23]-[25] to analyze its behaviors. A key
technical challenge lies in modeling DBMC appropriately to
align with this framework. We address this by treating DBMC
as an interconnection of subsystems, where the estimation
error and deviations in edge weights under perturbations serve
as the state and the input of each subsystem, respectively.
This approach facilitates the integration of DBMC into the
small-gain framework, allowing us to derive the range of the

feedback gain that ensures the global exponential input-to-state
stability (expISS) of DBMC, leading to improved stability
results compared to existing works [9], [14]. The contribution
of the paper can be summarized as twofold:

o While pre-specified finite time control strategies have
been successfully applied to distributed consensus prob-
lems and certain types of distributed convex optimization
problems [18], [19], [26], [27], this work, to the best of
our knowledge, is the first attempt to extend such strate-
gies to DBMC, which addresses the problem of finding
the shortest path-a combinatorial optimization problem.
The derived PT and PPT stabilization effects, essential
for DBMC’s implementation in real applications, not only
outperform existing results such as global asymptotic
stability and regional exponential stability [9], [14], but
also improve the stability results of the discretized version
of DBMC, i.e., finite time convergence with dependency
on initial states and structural aspects of the graph.

o As for DBMC itself, while existing works have demon-
strated its global asymptotic stability or regional expo-
nential stability, this work further establishes that the
nominal DBMC is expISS by leveraging Lyapynov-based
small-gain approaches. This result not only implies the
global exponential stability of DBMC without perturba-
tions, but also reveals its robustness in the presence of
perturbations, as in this case its state error will decrease
exponentially fast to a bound defined by the magnitude
of the perturbations, regardless of the initial states.

The rest of the paper is organized as follows. Section II
gives the notations and definitions, and states the problem of
interest. Section III introduces PPT and PT control strategies
on DBMC, respectively. Section IV presents the small-gain
based analysis of the nominal DBMC. Section V provides the
simulations, and Section VI concludes the paper.

II. PRELIMINARY KNOWLEDGE

As DBMC is a graph-based algorithm, in this section
we first give the preliminary knowledge of graph theory.
This section will also introduce the distributed biased min-
consensus protocol and define key concepts that will facilitate
our stability analysis.

We consider undirected graphs G = (V,E) with V =
{1,---,n} the set of nodes and E the set of undirected edges.
The set of neighbors of node ¢ € V' is denoted by N (%), and
no node is deemed to be its own neighbor, i.e., i ¢ N(i) for
all ¢ € V. The weight of the edge between nodes ¢ and j
is denoted by w;; and is assumed to be positive. Further, the
set of source nodes is denoted by S C V. Source and non-
source nodes represent specific types of nodes in real-world
applications. For example, in wireless sensor networks, the
source node is the sink (base station), while the non-source
node is the sensor that collects and transmits data to the sink
via a designated path [28].

In addition to the graphical framework described above,
we introduce the following notations, most of which will be
used in Section IV. Define R,R;,Z and Z, as the set of
real numbers, the set of nonnegative real numbers, the set of



integers and the set of nonnegative integers, respectively. For
any x € R", |z| and |z|s denote its ¢; norm and ¢, norm,
respectively. The space of measurable and essentially bounded
functions is denoted by ¢>° with norm || - ||so-

The comparison functions & and K., are defined as in
[29]. We use the partial order induced by the component-wise
ordering, i.e., for z,y € R}, x < y (resp. x < y) means
x; < y; (resp. x; < y;) forall i € {1,--- ,n}, and x 2 y
means that there exists at least one index ¢ such that z; < y;.
A function f : R — R is of class C? if its second derivative
is continuous. co{-} denotes the convex hull, i.e., for n points
p1, s Pns cofpi |1 € {1, n}} = {2?21 Ajpj  Aj =
0 for all j and 377, A; = 1}.

z1(t)) =5 z(t) =10
Fig. 1: Illustration of the necessity of the non-increasing property
of z;(-). In this graph consisting of two nodes, while applying
zi(k4+1) = min e ;) {z;(k)}, node 1 and node 2 will continuously
exchange their initial value z1(to) = 5 and z1(to) = 10, thus min-
consensus will never be achieved.

The definition of the shortest path problem considered in
this paper is formally characterized as follows. Note that in
this paper, multiple sources in the graph are allowed.

Definition 1. Consider an undirected graph G = (V, E), the
shortest path problem aims to find a path from each node i to
its nearest source in S such that the sum of the weights of its
constituent edges is minimized.

Let 2 denote the length/distance of the shortest path from
node 7 to the source set. According to the Bellman’s principle
of optimality [5], 2] obeys the following recursion:

N 0, 1€ S
x; = . ) .
' minjen ) {a} +wij}, ¢S
Before turning to DBMC, we first revisit the rudiment of
DBMC, specifically the discrete-time min-consensus protocol
min

Akt 1) = _min {z(k). @

where z;(k) represents the state of node 7 at the k-th time
step. It has been shown in [2] that all nodes’ states in (2)
will converge to the minimum initial state within a finite
number of iterations. In (2), 2’s own state is considered, which
is necessary to guarantee the convergence of (2). Without
such condition, as shown in Figure 1, node 1 and node 2
may continuously exchange their initial states, preventing min-
consensus from ever being achieved.

Let to = 0 be the initial time and x;(¢) be the state
(estimated length of the shortest path from the source set
at time t) of node 7. Mimicking the style of (2) but using
derivative instead and incorporating suitable edge weights,
DBMC proposed in [4], [14] specifies the following recursion:

#i()=1"" e
' —n (@;(t) —minje iy {z; () +wi;}), i € S ’
where z;(0) = 0 for all ¢ € S and n > 0 is the feedback gain.

The behavior of DBMC closely resembles the recursion (1) in
the sense that the state of the source node is anchored at O,

(D

while that of a non-source node evolves using the minimum
among the summations of its neighbors’ states and the edge
weights in between.

It is worthwhile noting that the distributed biased min-
consensus protocol is fully distributed as each node only
receives 1) the current states from its neighbors and 2) the
edge weight transmitted by its neighbors or measured by the
node itself. It has been proven in [4] and [14] respectively that
DBMC can achieve global asymptotic stability and regional
exponential stability (under the premise that all initial states
are overestimates, i.e., x;(0) > «} for all i € V' \ S).

To facilitate the analysis in the next section, we introduce
the following definitions based on (1).

Definition 2. A minimizing j in the right hand side of the
second bullet of (1) is called a true parent node of i. As © may
have multiple true parent nodes, we use P(i) to denote the set
of true parent nodes of node i. A source node does not have
any true parent node.

Further, for an undirected graph G = (V, E), consider a
sequence of nodes such that the successor of each node is one
of its true parent nodes. We define D(G), the effective diameter
of G, as the longest length such a sequence can have in graph
G. It has been proven that D(QG) is finite and upper bounded
by the diameter of graph G [12].

Another definition is needed to quantify the stability anal-
ysis.

Definition 3. We call a path from a node i to its nearest source
j € S a shortest path, if it starts at i, ends with j € S, and
the successor of each node in the path is one of its true parent
nodes. We call such a shortest path the longest shortest path
if it has the most nodes among all shortest paths of i. The
set Fy is the set of nodes whose longest shortest paths to the
source set have ¢ + 1 nodes.

Remark 1. Based on Definition 3, there holds Fy =
S, Fp@y+i = 0,Vi € Zy, and F; # O,Vi € {0,--- ,D(G) —
1}. Moreover, the following conditions hold:
U Fi=Vand F,NF; =0, Vi#j &)
1€{0,-- , D(G)—1}
(4) comes from the fact that each node i € V has a longest
shortest path, and the number of nodes in such a path cannot
exceed D(Q) as defined in Definition 2. For any i € F; with
te{l,--- ,D(G) — 1}, i has a true parent node j € Fy_.
Additionally, if i has multiple shortest paths to its nearest
source with varying numbers of nodes, i only belongs to Fy
with ¢ + 1 the largest number of nodes among those paths.

We use Figure 2 to illustrate the above definitions. In the
graph consisting of 9 nodes, there are 2 source nodes, node 1
and node 9 in red, and 7 non-source nodes in blue. Each edge
weight is equal to 1, except for wgg = 2. The length of the
shortest path from node 4 to its nearest source, node 1, is 2,
which can be achieved via paths 4 -2 — 1or4 — 3 — 1.
Hence, the set of true parent nodes of node 4 is P(4) = {2, 3}.
The effective diameter of the graph is 3, as demonstrated by
paths such as 6 — 8 — 9.

Node 6 has two shortest paths to its nearest source, node



Fig. 2: Consider an undirected graph consisting of 7 non-source nodes
and 2 source nodes. In this scenario, node 4 has 2 true parent nodes:
node 2 and node 3. The effective diameter of the graph is 3. The
longest shortest path of node 6 is 6 — 8 — 9. Note that node 6
belongs to F> but not to Fi.

9. These two paths are 6 — 8 — 9 and 6 — 9. Among
them, path 6 — 8 — 9 is the longest shortest path of node 6.
Consequently, by Definition 3, 6 € F5 but 6 ¢ F; .

To avoid trivialities the main assumption throughout the
paper is summarized as follows.

Assumption 1. The graph G = (V,E) is connected and
undirected, the source set S # ) and S C V, each edge
weight is positive, and tog = 0 is the initial time.

III. PRE-SPECIFIED FINITE TIME CONTROL STRATEGIES

In this section, we provide two control strategies for DBMC
that enable PPT or PT stabilization of DBMC to the stationary
value defined in (1). Unless explicitly stated otherwise, all
proofs in this section are in the Appendix.

The following assumption holds throughout this section.

Assumption 2. All non-source nodes have overestimated
initial states, i.e., x;(0) > xf foralli € V' \ S.

Remark 2. The above assumption is mild, as one can set the
initial states sufficiently large to ensure it holds. Moreover,
as will be shown later, the prescribed finite time for DBMC
to converge is independent of the initial states under both
proposed two strategies.

A. The practical pre-specified finite time control strategy

The PPT control strategy is implemented by replacing the
constant feedback gain in (3) with the time base generator
(TBG) gain [22], [30], under which (5) is interpreted as
. 0, 1€8

—n(t) (i (t) — minjenriy {25 (t) +wij}), ¢S
®)
where the TBG gain 7)(t) obeys
E(t—k-Ty)
t) = NMoelk-Ts,(k+1)-T), (6
M0 = T 75 T E b T ()T, ©
with k € Z_, Ts a pre-specified time constant, £(¢) a TBG and
0 < § << 1. Specifically, (t) has the following properties:
o £(t) is at least C2 on (0, +0c0);
e £(t) is continuous and non-decreasing from an initial
value £(0) = 0 to a terminal value ¢(Ts) = 1, where
Ts < 400 is a pre-specified time instant;

e £(0) =&(Ts) =0 and &(¢t) = 1 when t > Ts.

A suitable example of TBG with T = 4 could be
10 24 15
(0 = {46756 —Ap e 0<t<T,

7 7
1 t>T, M

Remark 3. Unlike the TBG used in [22], [30], this paper
employs a truncated version of TBG repeatedly. Since €(t) is
of class C? on (0, +00) and £(Ts) = 0, the TBG gain 1(t) in
(5) is continuous, bounded and nonnegative on [0, +00).

We first provide the definition of practical pre-specified
finite time stability for (5).

Definition 4. ( [17], [22]): We say (5) achieves practical pre-
specified finite time stability if for all i € V, |x;(t) — x| < ¢
for t > T, with x} defined in (1), Ts a user-defined time
independent of the initial conditions and c¢ an adjustable
positive number.

As n(t) in (5) is bounded and continuous on [0, +00), (5)
admits a unique solution per the following theorem.

Theorem 1. Suppose Assumption 1 holds, (5) has a unique
solution for t € [0, 400).

Before proceeding, we introduce the following technical
result regarding our TBG gain 7)(t).

Lemma 1. Consider the differential equation

where 1)(t) is defined in (6). Then y(Ts) = %yo.

®)

Define e;(t) as the error between x;(t), the state of ¢, and
its stationary value x as
e;(t) =a;(t) —a;,Vie V. )
With e;(¢) defined in (9), magnitudes of the largest state error
and the least state error are given by

V*(t) := max {0, Il_nea%;({ei(t)}} (10)
and
V7 (t) := max {O, —riréi‘r/l{ei(t)}}, (11)

respectively. Apparently V*(¢) > 0,V () > 0 for all ¢ > 0,
and VT (t) = V~(t) = 0 implies e;(¢t) =0 for all i € V, i.e.,
all states converge to their stationary values at time ¢.

As VT (t) and V~(t) defined above are non-smooth func-
tions, we need the following two sets to calculate their
Clarke’s generalized derivatives [4], [31]. Define K(t) as the
set comprising nodes for which state errors equal V¥ (¢),

Kf@t)={ieV |el) =V} (12)
Similarly, K~ (¢), the set comprising nodes which achieve the
least state error, is defined as

K-t)={ieV]et)==-V (1)} (13)
Both V*(¢) and V'~ (¢) are non-increasing, per the following
two lemmas.

Lemma 2. Suppose Assumption 1 holds, with Kt (t) defined
in (12), V*(t) defined in (10) obeys V*(t) < 0 for all t > 0.

Proof. According to Clarke’s generalized derivative [4], [31]
(detailed proof can be referred to sections 2.2 and 2.3 in [31]),
V+(t) =co{é;(t) | i e KT (1)}

We need to consider three cases: 1) KT () NS = 0, ie.,
e V\Set) >0,2)8 = Kt(t), ie, Vi € V\ S,
ei(t) < 0;3) 5 C KtT(¢), ie., Vi € V\ S, e;(t) <0 and
FeV\S, elt)=0.



In the first case, there holds V() > 0 as KT(t) NS =0,
it follows from (5) and (9) that

Z Ain(t) (= zi(t) + kfenj\ifl(li) {5 (t) + wir})

iekcH (1)
= D Am)(—af —ei(t) + min {ax(t) +wir})
i€k () o
= )\, — Wy t i :(t i
Ze;t) n(t) (=) —ws; —e;( )Jrkrenj\lfr(li) {zn(t) +wir})
(14)
< D A= a) —wig —eilt) + 25(t) +wig)  (15)
i€t (t)
— Z Xin(t)(e;(t) —ei(t))
i€k ()
<0 (16)

where in (14) we assume j € P(i), (15) uses the fact that
n(t) > 0 and \; > 0, and (16) uses the fact that n(t) >
0,)\; >0 and e;(t) > e;(t) forall j € V as i € KT(¢).

In the second case, we have V() = 0 as S = KT (¢), it
follows from (5) and (9) that V*(¢) = Y icg Miéi(t) = 0 with
Ai>0and ), gAi=1foricsS.

For case 3), it follows from the above two cases that

= ) NEt) =D e+ D> Niés(t)
i€KT(t) kes gg/ﬁ(t)\s

= ) Nt <0, (17)
JEKT()\S

where the equality in (17) uses the fact that é5(¢) = 0 for all
k € 5, and the inequality in (17) uses the fact that 0 < )\; <1
and (14)-(16). Therefore, our proof is complete. |

To prove that V'~ (t) is also monotonically non-increasing,
we first define P;(t), the set of current parent nodes of node
1, as follows:

0, icsS

Pi(t) = . , . 18
(t) argjén/\lfré){xj(t)—i—wij}, i¢S (18)

Lemma 3. Suppose Assumption 1 holds, with K~ (t) defined
in (13), V~(t) defined in (11) obeys V'~ (t) < 0 for all t > 0.

Proof. By Clarke’s generalized derivative, V~(t) =
co{—¢é;(t) | ie K~ (t)}.

We consider the three cases: 1) K~ (¢)NS = 0,1i.e., V() >
0;2)S=K"(t);3) S <K (¢).

For the first case, it follows from (5) and (9) that

= Y () ~ min {zk(t) + wir})

1€ (t)
Z Ain(t) (z + e;(t) — zi(t) — wir) (19)
iek— ()
> i) (zh + wik + ei(t) — 2p(t) —wi)  (20)
iek—(t)
ST hin()(es(t) — ex(t)
iek—(t)
<0 1)

where in (19) we assume k € P;(t), (20) uses (1) and the
fact that n(t) > 0,A; > 0, and (21) uses the fact that n(t) >

0,\; >0 and e;(t) < e;(t) forall j € V as i€ L (1).
Similar to the arguments in Lemma 2, there holds V= (t) =
0 in case 2) and V~(¢) < 0 in case 3), completing our proof.
]

Lemma 2 and Lemma 3 indicate that both the largest over-
estimate and the least underestimate are non-increasing. Note
that neither lemma requires Assumption 2. Under Assumption
2, we further get the following appealing result.

Lemma 4. Suppose Assumptions 1 and 2 hold. With x;(t) and
xf defined in (5) and (1), respectively, there holds x;(t) > x}
forallieV and t > 0.

Proof. In this case V= (0) = 0. As V= (¢) > 0 forall t > 0 by
its definition and V'~ (¢) < 0 by Lemma 3, we have V~(t) = 0
for all ¢ > 0, and thus our claim follows. |

The following lemma characterizes the upper bound for the
state error of (5). The basic pattern is that, once the state error
of the true parent node of some node is upper bounded at
a given time, T time later the node’s own state error will
drop below an upper bound. Both bounds can defined by the
maximum initial state and the adjustable parameter § in (6).
To this end, we first define the maximum initial state error as

emax(0) = rirézg({ei(())}. (22)

Lemma 5. Suppose Assumptions 1 and 2 hold, consider (5),
with e;(t), Ts and Fy defined in (9), (6) and Definition 3,

respectively. Then for all i € F; with ¢ € {1,--- ,D(G) — 1}
there holds for t > (T
J
(1) <l——em; 2
6i(t) < I ema(0), (3)

where 0 < 0 << 1 is an adjustable parameter given in (6).

As the lower bound of the state error has been determined
in Lemma 4 under Assumption 2, the following theorem com-
pletes this subsection by demonstrating the PPT stabilization
of (5) as defined in Definition 4.

Theorem 2. Suppose Assumptions 1 and 2 hold, consider (5),
with e;(t), Ts and Fy defined in (9), (6) and Definition 3,

respectively. Then for all i € Fy with £ € {1,--- ,D(G) — 1}
there holds for t > (D(G) — 1)T;
5
ilt)] < l——€max ) 24
(0] < 55 ema(0) 24

where 0 < § << 1 is an adjustable parameter given in (6).
Proof. This is a direct result of Lemma 4 and Lemma 5. W

Theorem 2 reflects that, under PPT control strategy, each
node’s state will converge to the neighborhood of its stationary
value within the settling time. Such settling time is prescribed
without dependence on the initial state. Though a state dis-
agreement always exists after the prescribed time, one can
adjust the parameter § in the TBG to reduce the discrepancy
to a desired level.

B. The pre-specified finite time control strategy

A gap between the state and its stationary value always
exists under PPT control strategy introduced in the previous



subsection. To remedy such an imperfection, in this subsection
PT control strategy is presented such that the state error will
diminish exactly to zero within a prescribed time.

Similar to PPT control strategy, PT control strategy is
achieved through replacing the feedback gain n in (3) with
a time-varying scaling function 7j(¢) such that (3) becomes

0, ieS

Ti(t)=q _ . . , (25)
—1)(t) (i (t) —mine o {; (t) +wis}), 0 ¢ S
where o
_ v+258, te[0Ty)
t) = p(t) z , 26
n(t) { 0. t> T (26)
with v > 0 and p(t) obeying
Tl+h ~
p(t) = mﬂf €10,Ty) (27)
S

where T} is a prescribed time constant and h € Z, can be
chosen as h > D(G)/2.

Remark 4. It is important to note that h in (27) does not re-
quire the exact value of D(G), but rather an upper bound of it.
Such requirements are commonly encountered in pre-specified
finite time control frameworks. For instance, in the context of
pre-specified control for distributed consensus problems [19]
and distributed convex optimization problems with consensus
constraints [26], [27], upper bounds on global information,
such as the number of nodes or the second smallest eigenvalue
of the Laplacian matrix, are also needed. As D(G) is upper
bounded by the graph’s diameter or number of nodes, practical
implementations aiming for fully distributed realization can
use the lower layers of the network stack (e.g., 128 bits in
IPv6) to obtain an upper bound for the number of nodes.
As will be demonstrated later, the magnitude of h does not
influence the stability analysis once it exceeds D(G)/2.

Remark 5. Unlike [18], where the time-varying scaling
function is constructed by reusing the first bullet of (26), the
time-varying scaling function used here is designed to reduce
to zero after the prescribed time instant. As will be shown
later; this setup ensures the continuity of &;(t), which in turn
guarantees the existence and continuity of x;(t), the solution
to (25).

The formal definition of pre-specified finite time stability of
(25) is given below.

Definition 5. ( [17], [18]): We say (25) achieves pre-specified
finite time stability if for all i € V, z;(t) = x} for t > Ty,
with x} defined in (1), Ty a user-defined time independent of
the initial conditions.

We first give a generalized result of Lemma 2 in [18].

Lemma 6. Consider the differential equation

o 5(t) f
y(t) = — (7 + ap(t)) y(t),t € [to, Ts),

where p(t) is defined in (27), v,ac > 0 and 0 < tg < Ts. Then
y(t) = p=(t)p* (to)e 7"y (to) for t € [to, T5).
By definition of p(t), Lemma 6 implies that
lim y(t) =0.

t—Ty

(28)

(29)

Let the state error e;(t), the greatest overestimate V' () and
the least underestimate V'~ (¢) be in the form of (9), (10) and
(11), respectively, with x;(t) there being replaced by the one
defined in (25). The next lemma summarizes their properties
under PT control strategy, over the interval [0, T}).

Lemma 7. Suppose Assumption 1 holds, V7 (t) and V= (t)
defined above obey VT (t) < 0 and V= (t) < 0 for t € [0,T}).
Moreover, suppose Assumption 2 also holds, then x;(t) > x}
foralli €V and t € [0,Ty).

Proof. As 7j(t) > 0 over [0,7}), the proof follows directly
from those of Lemma 2 to Lemma 4. ]

With the lower bound of the state being determined in
Lemma 7, the left-hand limit of each state at T is given in
the following lemma, as the first step to calculate the left-hand
limit of the derivative of each state.

Lemma 8. Suppose Assumptions 1 and 2 hold, consider (25),
with ©} defined in (1), for all i € V' \ S, there holds

lim z;(t) = z}.
t—To

(30)

Although Lemma 8 shows that each state converges to its
stationary value as ¢ approaches T, we still need to prove
the continuity of each state on [0, 4+00) to establish the finite
time convergence of (25). A simple and feasible approach is
to show the continuity of its derivative, specifically by proving
that the left-hand limit of 4;(¢) at Ty is 0.

The following lemma first proves the continuity of deriva-
tives of the states for nodes in 3, while providing the upper
bounds for state errors of the remaining nodes over [0, T}).

Lemma 9. Suppose Assumptions 1 and 2 hold, consider (25),
with p(t) and Fy defined in (27) and Definition 3, respectively,
there holds

lim $l(t) = éi(t) =0, Vi € Fy, 3D
t—Ts
and for t € [0,T5)
(T, — t)2h+3-¢
ei(t) < 2 (e "e;(0) +¢;), Vie Fe  (32)

=7 J2ht3—L
fort e {2,--- ,D(G) — 1}, with some constant ¢; > 0.

With the upper bound of state error provided in Lemma 9,
we then use Squeeze theorem [32] to prove the continuity of
derivatives of the states for the remaining nodes.

Lemma 10. Suppose Assumptions 1 and 2 hold, with F;
defined in Definition 3, there holds

lim @;(t) = é;(t) =0, Vi € Fy (33)
t—Ts

forte {2, ,D(G) - 1).

The pre-specified finite time stability of (25) follows as a
byproduct of the above lemma.

Theorem 3. Suppose Assumptions 1 and 2 hold, consider (25),
with z} defined in (1), then for all i € V, x;(t) is continuous
on [0,+00) and

z;(t) =, Vi € V and Vt > T. (34)

Proof. The continuity of z;(¢) on [0, +00) is guaranteed by
Lemma 9 and Lemma 10, leading to z,;(T,) = z; for all



i € V by (30) in Lemma 8. Further, as #;(t) = ¢;(t) = 0 for
all t > T, we have z;(t) =z} foralli€ Vand t > T;. W

As shown in Theorem 3, PT control strategy ensures finite
time convergence without dependence on the initial states.
Moreover, the control input, i.e., the right-hand side of (25),
remains continuous and bounded even when the feedback gain
approaches infinity at the presetting time instant. As a result,
PT control strategy generates continuously differentiable dis-
tance estimate x;(¢) at all times.

The theorem below completes this section by showing that
the solution to (25), as established in Theorem 3, is also
unique, by leveraging the fact that each state resides within
a compact set for ¢t > 0.

Theorem 4. Suppose Assumptions 1 and 2 hold, (25) admits
a unique solution for t € [0, +o0).

Proof. From the proof of Theorem 1 and the fact that 7(¢)
defined in (26) is continuous on [0, Ty), fi(t, &) = —7(t)(F; —
minje () {%; +wi;}) with & = [#1,--- ,%,]T € R" and i €
{1,---,n}, is Lipschitz continuous with respect to its second
argument for all ¢t € [0,t1], with ¢; < T. Also, f;(-, %) is
continuous on [0, ¢;] for all Z € R™. Further, define a compact
set P; = [xf,2F + emax(0)] for all i € V' with en,,(0) the
largest initial state error. As the largest state error is non-
increasing and z;(t) > x} for all t € [0,T) by Lemma 7, as
well as x;(t) is continuous on [0, +o0) and x;(t) = z} for
t>T, by Theorem 3, there holds that x;(¢) remains entirely
within P; once z;(0) € P,. Then it follows from Theorem
2.39 in [33] that the solution to (25) is unique. |

IV. SMALL-GAIN BASED ANALYSIS

In this section, we revisit the nominal model of the dis-
tributed biased min-consensus protocol represented by (3). We
will demonstrate that (3) is globally exponentially input-to-
state stable (per Definition 2.68 in [34]) when its edge weights
are subject to persistent perturbations, i.e., the edge weight w;;;
in (3) is perturbed from its nominal value and becomes time-
varying. Under such a perturbation (3) can be expressed as
0, i€S
—(@i(t) —minjen ) {z;(t) +wi; (8)}), i ¢ S
We assume that the edge weights are continuous and bounded
under perturbation, which includes, but is not limited to the
additive perturbation on the edge weights (i.e., w;;(t) =
w;; + €;5(t) with €;;(¢t) > 0) considered in [14], and bounded
stochastic noise. Specifically, we assume Vi € V and j € N (i)

0< Wmin S ’LUZ'j (t) S wmaXNt 2 0. (36)
Note that (36) allows asymmetric perturbations, i.e., w;;(t) #
wy;(t) is allowed.

Before proceeding with the stability analysis, we first con-
vert (35) into a nonlinear dynamical system. We continue to
use the notions of state error e;(t) and node i’s set of current
parent nodes P;(t), as defined in (9) and (18), respectively,
with x;(¢) as described in (35). We further define

() = wi(t) — wy;

i ()= (35)

(37

as the deviation of the edge weight from its nominal value.

Then (35) can be rewritten as ¢;(¢) = 0 if ¢ € .S and
éi(t) = —n(xi +ei(t)—

JEN (2
with 27, 2% and w;; the structural aspects of the graph G.
By taking e;(t) and wu,;(t) as the state and the input, re-
spectively, (38) can be further described by a nonlinear map
fi : RO+ RVOI 5 R e,

éi(t> = fi(ei(t)7 €iy (t)’ T Cipng) (t>7 ul(t)) (39)
where iy € N (i) for £ € {1,---,|N(9)|} and w;(t) =
[, (1), Ui (D] € RVOI The overall system
can be defined by the following composite nonlinear map
F:R" x R?El R

é(t) = F(e(t), u(t)) (40)

where e(t) = [ei(t), - ,e,(t)]T € R" and u(t) =
(uiz(t))ievjeniy € R2IZI. Also, F(0,0) = 0 as in this case
éi(t) = e;(t) =0 for all i € V by (1) and (35).

It can be seen from (38), (39) and (40) that F' is continuous
in t. Additionally, since 7 > 0 is a constant feedback gain,
it follows from the proof of Theorem 1 that F' is globally
Lipschitz continuous with respect to its first argument. Con-
sequently, (40) admits a unique solution over ¢ € [0, 400)
[29]. Therefore, global exponential input-to-state stability can
be defined for (40), with details given below.

Definition 6. ( [34]): (40) is said to be globally exponentially
input-to-state stable (explSS) if
o for all the initial state e(0) € R™ and all the input u €
(2 (R2IED), the corresponding solution to (40) exists and
is unique on [0,400);
e there exist c,p > 0 and N\, € K such that, for all the
initial state e(0) € R", u € (> (R?IF1), there holds

le(t)] < ce™'[e(0)] + Au(llulloe), ¥E>0.  (4D1)

Obviously (40) is globally exponentially stable (per Defi-
nition 4.5 in [29]) with O-input once it is expISS. A direct
method to demonstrate the expISS of (40) is to show the
existence of an exponential ISS Lyapunov function (refer to
Definition 6.28 and Proposition 6.29 in [34] for more details),
which is central in this section.

Definition 7. A continuous function V. : R" — R, is
called an exponential ISS Lyapunov function (expISS Lyapunov
Sfunction) for (40) if there exist constants w,0,b,x > 0 and
X € Koo such that for = € R" and all u € €, (R?F)
wlz” < V(x) < @laf’,

V(z) = x(lu(®)]) =

VE € co{€ : Fay, — x : VV (2,) ewists and VV (zy) — £},
V() = (& 2(t)) < =KV (2). (43)
where (-,-) denotes the standard scalar product in R™.

(42)

Remark 6. It should be noted that the upper right-hand Dini
derivative is used in [34] for (43), while here we use the
Clarke’s generalized derivative instead. As in this paper we
will adopt ¢4 norm | - | as our candidate expISS Lyapunov
function, these two derivatives remain to be same when the
argument of V' is nonzero. In particular, if V takes e(t) defined



in (40) as the argument and e(t) = 0, as F given in (40)
obeys F(0,0) = 0, it can be readily verified that when the
condition in (43) holds, i.e., V(e(t)) = |e(t)| > x(Ju(t)|), then
V(e(t)) = 0= —~rV(e(t)) under both types of derivatives.
The above expISS Lyapunov function is called an
implication-form explSS Lyapunov function. Another candi-
date to guarantee explSS is the dissipative-form explSS Lya-
punov function, which satisfies (42) with (43) being replaced
by V(z) < —eV(z) + y(|u(t)|) for some ¢ > 0 and
v € Koo It has been shown in Proposition 6.29 of [34]
that the dissipative-form expISS Lyapunov function implies the
implication-form one, and they both imply the expISS of (35).

We summarize the assumption throughout this section.

Assumption 3. Each edge weight is perturbed from its nom-
inal value and obeys (36). All initial states are nonnegative.

Remark 7. Unlike the requirements that all states need to be
overestimates as assumed in the previous section or in [14],
this section only assumes that all initial states are nonnegative.
This assumption is merely used to facilitate the stability
analysis. Indeed, by using the absolute value of received states
from neighbors, i.e., (35) becomes

bi(t)= 0, ieS
' —n(xi(t) ~minjen){lz; () +wi (), ¢ S

all states will become nonnegative after a finite time, and (44)

reduces to (35) thereafter. Proof of this claim is provided in

the Appendix.

(44)

Our proof primarily relies on the Lyapunov-based small-
gain theorem, as introduced in Theorem 5.3 and Corollary 5.6
in [24], which addresses the ISS of interconnected subsystems.
The establishment of this theorem requires two key conditions:
(1) each subsystem possesses a Lyapunov-like function similar
to (42, 43); and (2) these Lyapunov-like functions satisfy
a cyclic small-gain condition, which allows the formulation
of an ISS Lyapunov function for the overall system, thereby
ensuring the ISS. Along this line, the key steps in our proof are
divided into two parts. In Lemma 11, by using the estimation
error e;(t) as the state and the deviations of edge weights
u(t) as the input, we demonstrate that each node admits a
function that resembles the expISS Lyapunov function defined
in Definition 7, thereby satisfying condition (1). In Lemma 12,
we prove that these Lyapunov-like functions indeed satisfy the
cyclic small-gain condition, thereby fulfilling condition (2).

Recall the stationary value defined in (1). Given that num-
bers of nodes and edges in graph G are both finite, there must
exist a ¢ € (0,1) such that for all i € V with N'(i)\ P (i) # 0,

T+ wn < ¢ Ve N(i) \ P(>i). (45)
We exemplify (45) using Figure 2. For node 8, we have
N(8) = {6,7,9} and P(8) = {9}, and there holds ——2

xit+wes
m7—t§u —~ = %, and it can be verified that (45) holds for any
node i satisfying \V(i) \ P(i) # 0 in Figure 2 with ¢ = 2.
We first show that the state error of each node admits an
explSS Lyapunov-like trajectory.

Lemma 11. Suppose Assumptions 1 and 3 hold, consider (35),

with ¢ defined in (45), e;(t) and P;(t) the state error and the
set of current parent nodes of node i under (35), respectively.
Let Vi(-) = | - | for i € V. The following conditions hold:
o If i €8S, then
Vi(es(t)) =0, Vt > 0. (46)
o Ifi ¢ S and Vi(ei(t)) > maxjeqy,... np{Ai;Vjle;(t))} +
Xiu|u(t)|, then

Vilei(t)) < —(n—1)Vi(ei(t)), vVt =0, 47)
where \;j = 1 when j is a true parent node of i and \;; = (n
otherwise, and \;,, = 1.

With state error trajectories characterized in (46) and (47),
we define the n x n gain matrix ' : (Xj;); je{1,... .o} With the
element \;; in the i-th row and j-th column obeying A;; =
0.5/nP @)=t foralli € S and j € {1,--- ,n}, and \ij = \;j

otherwise, with \;; defined in (47), i.e.,

. ¢, i¢S,j¢P(i)
Aij =49, i¢S,jeP(i) (48)
0.5/nP@-1" eS8

with P (i) and D(G) in (48) the set of i’s true parent nodes and
the effective diameter of G, respectively. The corresponding
n x n adjacency matrix Ar : (a); jeq1,... n} is defined by

@ij = {1 N 70 (49)

0 otherwise -
With V; := | -| for ¢ € V, it follows from (46) and (47) that
Vilei(t)) = max{Aa Vi(ei(t)), -+, XinVa(en ()} + nlu(t)]
= Vilei(t) < —(n = DVi(es(t)), Vi V. (50)
By transforming (46, 47) to (50), it follows that each node
indeed admits a Lyapunov-like function close to (42, 43),
where Vj(e;(t)) with j € {1,--- ,n} and wu(t) act as inputs.
A gain matrix I is called irreducible if and only if the graph
resulting from its corresponding adjacency matrix is strongly
connected [24], [35]. Since Ar has no zero elements by (48)
and (49), the gain matrix I' defined by (48) is irreducible.
Define the map motivated by the gain matrix ' as

A
S1 kE{Hll,aXn}{ lkSk}
I'g:RY —=RY, || — : , (8D
n 5\’IL
s kefrll,?i)»(,n}{ kSk}
as well as the diagonal operator D : R} — R” as
D:RY =R [s1,-+,85] "+ [dsy, - ,dsn]T,  (52)

with the diagonal operator factor d obeying d > 1.

The following lemma shows that 5\1-]- in (48), which char-
acterizes the dependency between the state errors of nodes ¢
and j, satisfies the cyclic small-gain condition.

Lemma 12. Suppose Assumptions 1 and 3 hold, consider 5\1»]»,
n and Cldeﬁned in (48), (35) and (45), respectively. If 1 < n <
(1/¢)P(@, then there exists d > 1 such that

dXiyiy X ANigis X - X dNi 4, < 1 (53)
for all v € {1,---,n} and i; € {1,---,n}, with j €
{1,---,r} and i; # iy if j # j'. In particular, when r = 1,
there holds d\;; < 1 for all i € {1,--- ,n}.

Lemma 12 leads to the existence of a vector of K



functions, o € K2, called a K-path in [24], [25]. This allows
for the construction of an ISS Lyapunov function for DBMC
by scaling the Lyapunov-like functions of individual nodes, as
obtained in Lemma 11, with the component of o.

Furthermore, the subsequent theorem demonstrates that
DBMC not only admits an ISS Lyapunov function but also
an explSS one, as defined in Definition 7, owing to the linear
dependence between the Lyapunov-like functions of the nodes,
which ultimately establishes the expISS of DBMC.

Theorem 5. Suppose Assumptions 1 and 3 hold, consider (35),
with e;(t) the state error of node i, u;;(t), n and ¢ defined in
(37), (35) and (45), respectively. If 1 < n < (l/C)ﬁ, then
(35) admits an expISS Lyapunov function defined in Definition
7, using e(t) the state error vector as the argument and u(t) =
(uij)iev,jen(i) as the input.

Proof. Given that (53) holds as Lemma 12 is applicable,
it follows from Theorem 6.4 in [25] that there exists a
diagonal operator D, as defined in (52), with the diagonal
operator factor d > 1, and a vector of K., functions o =

[o1,-++,0n]" € K%, such that for all s > 0
D (F@(O’(S))) < o(s),
where o(s) := [01(s), -+ ,0,(s)] " and I'gy is defined in (51).

Combining this with the fact that S\ij in I' defined in (48)
and the diagonal operator factor d of the diagonal operator D
defined in (52) are both constants, it follows from [36] and
Corollary 5.7 in [23] that o in the above inequality can be a
vector of linear Ky, functions.

Using o as described above, as I' is irreducible, it follows
from Corollary 5.6 in [24] that for any ¢ € {1,--- ,n}, there
exists a ¢ € Ko, such that for all s > 0,

Lep,i(a(s)) + Aiulp(s)) < ai(s) (54)
where I'gqy ;(c(s)) and o;(s) in (54) are the i-th component
of I'gy(c(s)) and o(s), respectively, and A, is defined in
(47). Furthermore, as (50) holds, together with (54), it can be
verified that the conditions in Theorem 5.3 of [24] are satisfied.
By Theorem 5.3, the ISS Lyapunov function of (35) can be
constructed as

Vie(t)) = (55)

max

ie{17...7n}ai (Vi(ei(t))),

where o; ! obeys o; ' (ci(s)) = s for all s > 0, and

Vie()) = o (nu®))) = V(e(t)) < a(V(e(t))) (56)
with « in (56) a positive definite function and ¢~ ! € K
obeying = 1(p(s)) = s for all s > 0.

Note that o; * is linear. As V;(-) = |-|, V() defined in (55)
satisfies (42) with b = 1. Further, as in (50) n —1 >0 is a
constant and o; ! is linear for i € {1,--- ,n}, following the
proof in Theorem 5.3 of [24], o in (56) can be chosen as a
linear IC, function, indicating that (43) also holds for V'(-)
defined in (55). Therefore, V (-) defined in (55) also serves
as an implication-form expISS Lyapunov function for (35),
which means that the nominal DBMC is expISS. ]

Remark 8. In the proof of PPT and PT controls for DBMC,
as well as in the small-gain based analysis, certain charac-
teristics distinguishing directed and undirected graphs, such
as the Laplacian matrix and symmetric neighbor relationship

(i.e, 7 € N(i) implies i € N(j)), have not been utilized.
Consequently, the proposed control strategies and analyses
can be extended to specific types of directed graphs, including
directed strongly connected graphs, where a directed path
exists between every pair of nodes, and connected rooted
graphs, where each node has a directed path to a root node.

V. SIMULATIONS

In this section, we empirically validate the theoretical results
presented in the previous sections. Unless stated otherwise, all
simulations are conducted on a 4 x 1 km? field with 500 nodes,
including one source. All the nodes are randomly distributed
and communicating within a range of 0.25 km.

A. The practical pre-specified finite time control strategy

We first use the TBG &(t) defined in (7) to construct our
TBG gain 7(t) as specified in (6). In this case Ty = 4.
By setting 6 in (6) to § = 10~*, the simulation results are
shown in Figure 3 (a) and (b). In this scenario, all initial
states are set as overestimates such that Assumption 2 holds.
In Figure 3 (a), the effective diameter D(G) = 20, the state
error e;(t) of each node i € V' drops rapidly below the bound
provided in Theorem 2 within 3 * Ty = 12 units of time,
which is less than the theoretical bound (D(G) — 1)T units
of time. Similarly, in Figure 3, the state errors fall below
the bound within 3 x Ty, = 12 units of time, while D(G)
in this scenario is 22. A reasonable explanation could be
that the greatest overestimate V*(¢), i.e., the largest state
error, is non-increasing itself by Lemma 2. Additionally, the
graph structural aspects will also influence the time required
to ensure all state errors are bounded. Figure 3 (c) and (d)
illustrate that implementing the protocol on line graphs with
50 and 100 nodes (in both line graphs the source node is
located at the rightmost end such that the number of nodes
is equal to the effective diameter), requires significantly more
time to bound the state errors compared to randomized graphs,
despite having fewer nodes. For the line graph with 50 nodes,
10 % Ty = 40 units of time is needed for the state errors to
drop below the bound, whereas the line graph with 100 nodes
requires 22 = T, = 88 units of time.

B. The pre-specified finite time control strategy

Next, we investigate the performance of the pre-specified
finite time control strategy. In this scenario, we implement
(25) on a randomized graph with D(G) = 21, while setting
all the initial states to be 20, which are overestimates. For
7j(t) defined in (26), we first fix h = 12 and v = 1 while
varying T}, which is the prescribed time for the convergence
of DBMC. It has been shown in Figure 4 (a) and (b) that all
state errors converge within the prescribed time of T, = 2
and T, = 4 units of time, respectively. Further, we fix h = 12
and T, = 4 while increasing ~ from 1 to 10, i.e., increasing
the feedback gain. The results are shown in Figure 4 (c). In
this case, all state errors still converge within T. = 4 units
of time. However, comparing Figure 4 (c) with Figure 4 (b),
we can conclude that a larger v leads to better convergence.



20

(d) Line graph with n = D(G) = 100

Fig. 3: Results of applying DBMC using the practical pre-specified
finite time control strategy to both randomized graphs and line graphs.
In all scenarios, state errors drop below the bound given in Theorem
2. It takes significantly longer time for line graphs than randomized
graphs for the state errors to be bounded, while the time needed for
all the cases are less than the theoretical bound given in Theorem 2.

10

(c) Randomized graph with Ts = 4, h=12,v=10

(d) Randomized graph with Ts = 4, h = 20,7 = 10

Fig. 4: Results of applying DBMC using the pre-specified finite time
control strategy to randomized graphs. In all scenarios, the state errors
converge to 0 within the prescribed time. The protocol achieves a
better convergence effect with a larger h or ~.



Specifically, at the same time instant, the state error with v =
10 is much less than that with v = 1. The same argument
holds for cases with a larger h. In Figure 4 (d) we fix v = 10
and T = 4 while using h = 20, comparing this with Figure
4 (c), the convergence effect in this case is even better.

C. The nominal DBMC under perturbations

In this part, we examine the behaviors of DBMC under
perturbations, including changes in the source set and the
measurement noise on the edge weights. Unlike the previous
two subsection, we do not impose the restriction that all states
need to be overestimates. Instead, we assume all initial state
are randomly distributed between [0, 10], thus encompassing
both overestimates and underestimates. We first set n in (3)
as n = 14 1078, satisfying the condition on 7 in Theorem 5.
Figure 5 (a) demonstrates the state errors with O-input. In this
scenario, DBMC converges exponentially fast, in accordance
with the definition of expISS in Definition 6. Additionally,
Figure 5 (a) shows that states starting with overestimates con-
verge much faster than those with underestimates. Therefore,
to achieve a better convergence speed, it is beneficial to set all
initial states in the nominal DBMC to be overestimates. Figure
5 (b) further provides the trajectories of state errors under
perturbations on the edge weights, assuming each edge weight
w;;(t) varies continuously from 0.9w;; to 1.1w;;. Similarly,
all state errors drop below a bound at an exponential rate, with
those starting as overestimates declining even faster. Notably,
the largest state error is around 0.05, while w;;(t) defined
in (37) obeys u;;(t) < 0.025 for all i € V, j € N(i)
and all £ > 0, indicating the superior robustness of DBMC.
Figure 5 further consolidates this claim. In this case, the edge
weight w;;(t) varies from continuously 0.8w;; to 1.2w;; while
n = 1+ 1078, the largest state error is now roughly 0.13,
implying that it linearly depends on the magnitude of the input.

We next violate the condition in Theorem 5 by increasing
n from 1+ 107% to 20, while w;;(t) still varies from 0.9w;;
to 1.1w;; continuously. As shown in Figure 5 (c), (3) remains
explSS, with all state errors dropping below the bound much
more rapidly as the feedback gain increases. This shows the
conservatism of the requirement on 7 in Theorem 5, stemming
from the conservative nature of Lyapunov-based analysis.

Finally, we consider the scenario where the source changes
during the implementation of the nominal DBMC. In this
scenario, = 141078, the edge weights still bear the previous
perturbation, and the source node changes from node 1 to
node 20 when ¢t = 380. As shown in Figure 6, initially, all
state errors decline rapidly until they drop below the bound.
Then abrupt spikes emerge at ¢ = 380 as now the source
changes to node 20. This leads to a discrepancy between the
estimated distance to the previous source and the true distance
from current source, creating new initial state errors. Since
DBMC is globally exponentially input-to-state stable, i.e., all
state errors will drop below a bound defined by the deviation
of edge weight from its nominal value at an exponential rate
regardless of the initial states, the state errors decline below
the bound again after the source change.
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(d) DBMC with 0.9w;; < wi;(£) < 1.1w;; using 1 = 20

Fig. 5: Results of applying nominal DBMC to randomized graphs
with varying 1. With n = 1 4 1075, the nominal DBMC achieves
exponential stability without perturbations and expISS with the edge
weight w;;(¢) ranging from 0.8w;; to 1.2w;;. The nominal DBMC
can still achieve expISS with a larger 7, manifesting the conservatism
of Lyapunov-based analysis.
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Fig. 6: Results of applying nominal DBMC to randomized graphs
with the change of source. In this scenario, the source changes from
node 1 to node 20 at ¢ = 380 while w;;(t) ranges from 0.9w;; to

1.1w;; continuously. (3) is expISS before and after the source change.
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(b) Comparison of distance estimates using PT, PPT, and the nominal
DBMC on directed and undirected grid graphs (both the x-axis and
y-axis are plotted on a base-10 logarithmic scale.)

Fig. 7: Results of applying DBMC with PT and PPT control strate-
gies, and the nominal DBMC to the shortest path calculation for
robotic path planning on both undirected and directed grid graphs.

D. Application of DBMC in path planning

The simulation environment in this test employs a grid-
based scanned map of a Parisian district from [37]. This
256 x 256 grid map designates black regions as building
obstacles and white regions as traversable areas. To construct
the path network, each grid point is treated as a network
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node. Nodes in white regions have eight adjacent neighbors
in the directions of up, down, left, right, upper-left, lower-left,
upper-right, and lower-right, representing feasible movement
directions for robotic agents. Conversely, nodes in black re-
gions are isolated within the network, with no connections
to any other nodes due to their untraversable nature. The
resulting large-scale path network consists of 65,536 nodes
and 354,938 edges, serving as the testbed for evaluating the
proposed algorithm. The edge weight between each node and
its adjacent nodes in the up, down, left, and right directions
is 1, while the weight between each node and its diagonal
neighbors in the upper-left, lower-left, upper-right, and lower-
right directions is /2. In this simulation, we apply DBMC
with PT and PPT control strategies, as well as the nominal
DBMC, to the shortest path calculation for a robotic agent
starting at its departure point, represented by a red square
(node 65374) at the bottom of Figure 7 (a), and moving to
its destination, represented by a red star at the top left corner
(node 1) of the figure. Figure 7 (a) and (b) show that all three
methods lead to the shortest path, represented by the red line
in Figure 7 (a). Figure 7 (b) further demonstrates that DBMC
with PT control strategy achieves the fastest convergence
speed within the pre-specified 4 units of time, followed by
the nominal DBMC with the use of a high feedback gain
1 = 100, and DBMC with PPT control strategy, which exhibits
the slowest convergence, stabilizing within D(G)—1 times the
pre-specified 4 units of time, as established in Theorem 2.
We next empirically evaluate the efficacy of DBMC on
directed graphs. For the nodes in white regions within the grey
rectangle of Figure 7 (a), the number of neighbors is reduced
from eight to three, retaining only those in the directions of
right, upper-right, and lower-right, thus transforming the undi-
rected graph into a directed one. With this modification, we
continue to apply DBMC with PT and PPT control strategies,
as well as the nominal DBMC, to compute the shortest path
for a robotic agent from node 65374 to node 1. As shown in
Figure 7 (a), all three methods result in the same shortest path,
represented by the blue line, which circumvents the original
path due to the grey rectangle zone. Figure 7 (b) further shows
that the convergence patterns of these three methods remain
consistent with those observed on the undirected graph.

VI. CONCLUSIONS

In this paper, both PPT and PT control strategies have been
designed for DBMC. Under the proposed control strategies,
DBMC can converge to the stationary value exactly or to a
certain level adjustable by a user-defined parameter, within a
prescribed finite time without dependence on the initial states.
Regarding the nominal DBMC, we have provided the sufficient
condition for the range of the feedback gain to ensure its
expISS, i.e., DBMC is globally exponentially stable without
perturbations, and with perturbations, its state error will drop
exponentially fast below a bound defined by the magnitude of
the perturbation. An interesting research direction would be
designing a second or higher order DBMC, as many systems
in engineering are modeled by higher order dynamics, and
several works on higher-order min-consensus protocols [38]



are worthy of reference. It is also important to note that for
some general directed graphs, such as weakly connected ones
where some nodes lack a directed path to the source, DBMC
may cause disconnected nodes to retain their initial states.
Additionally, nodes with a directed path to the source that
also connect to these disconnected nodes may be influenced
by them, hindering the attainment of the shortest path. Another
interesting direction for future work would be to enhance
DBMC in such scenarios, ensuring that nodes with a directed
path to the source can obtain the shortest path.
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APPENDIX

Proof of Theorem 1: It follows from Remark 3 that 0 <
n(t) < L for all ¢ > 0 with some L > 0. For i € V, define a
nonlinear map f; : [0, +00) x R™ — R such that f;(t,Z) =0
fori € Sand f;(t,z) = —n(t)(Z; —minjepn ) {T; +wi;}) for
i€ V\S, with & = [#1,---,3,]T €R"and i€ {1,---,n}.
The composite map is defined as f : [0,4+00) x R" — R™.
Then for any Z = [Z1,--- ,%,]' € R", there holds

< Lizi = @il + L] min {75+ wig} = min {75+ wij}
< L|1~ZZ - J_L'l| + L|.1_7i/ + Wi — (.i’j/ + wij/)\
< LIz — Zil + Lz + wijr — (T + wizr)|
< 2L|% — oo
where in (57) we assume i = argmax;cq1,... n}{/fi(t,T) —
fi(t,z)]}, in (58) we assume 7' = argmin;e ;) {Z; + wi;}
and j' = arg min;c ;) {%; +ws; }, and (59) uses the fact that
Ty +wiy < Tj+w;; forall j € N(Z) and j' € N(Z) (in (59)
we also assume without loss of generality that Z;; + w;;» >
Zj + w;;7). Therefore, the composite map f(-,-) is globally
Lipschitz continuous with respect to its second argument for

(58)
(59)



t > 0 and continuous with respect to its first argument, from
Theorem 3.2 in [29], (5) admits a unique solution.
Proof of Lemma 1: It can be readily verified that the
solution to (8) over the interval [0, 7] obeys
e(t
y(t) =wo(1— 5 1)5),
and thus we have y(Ts) = %y(O).
Proof of Lemma 5: We prove our claim by induction. We
begin with £ = 1, for ¢ € F7, it has a true parent node j €
S = Fo, then it follows from (5) and (9) that for all ¢ € [0, T§]

éi(t) = a(t) = —n(t) (:(t) — kén/\ifr(li){xk(t) + Wik })

= —n(t) (2:(t) = (@] +wiy)) ©61)

= —n(t)e;(t) (62)
where (61) uses the following four aspects: 1) x;(¢) > x} for
t>0andall i € V by Lemma4; 2) z;(t) =0 =z} fort >0
and all 1 € Fy = S; 3) j € S is the true parent node of 7; and
4) the stationary value defined by (1), and thus z;(t) +w;; =
x5+ wi; < mingeay {7y +win} < mingen ) {zr(t) +wirt,
and (62) uses (1). Further, by Lemma 1, for ¢ € [0, T]

e(t) e(t)

ei(t) = e:(0) (1= 175) < emax(0)(1 = 775),
and thus e;(Ts) < %Memax(()).

We next prove that ¢;(t) < e;(Ts) for all t > Ty. Note that
é;(t) = —n(t)e;(t) still holds for ¢t > T,. Applying Lemma 1
on é;(t) over the interval [T, 27|, we obtain
€Z(t) :Gi(TS) (1— %) < ei(Ts), vVt € [TS7 2TS]
Repeating the above procedure, it holds that e;(¢) < e;(Ts) =
ﬁj_éemax(()) for all ¢ > T, and (23) holds with ¢ = 1.

Suppose (23) holds with some ¢ € {1,--- ,D(G) — 2}. For
i € Fyy1, from (5) and (9), we have V¢ € [(Ts, (¢ + 1)Ty],

&i(t) = ai(t) = —n(t) (a:(t) — (i {z(t) + wik})

(60)

(63)

(64)

< —n(t) (@i (t) — (;(t) + wij)) (65)
= —n(t)(z] +ei(t) — (z] + €;(t) + wij))
179
< —W(t)<e(t) - memax( )) (66)
where in (65) we assume j € P(i), and (66) uses (1), the

fact that j € F, and our induction hypothesis that e;(t) <

ff& emax(0) for all ¢t > £T5.
¢ [

As (66) implies (e;(t) — 1+5<emax(0))’ < —n(t)(ei(t) —
14 %emax(())), by applying Lemma 1 and comparison princi-
ple [29], we obtain for t € [(Ts, (£ + 1)T%]

1)
€; (t) - émemax (O)
) e(t —0Ty)
< . /S I S
< (@l — b genax(0)) (1 = =3 57), (6D
which further leads to
ei((0+1)Ts)
20 ) 129)
< 7 I T
~ (emax(o) 1 + 5emax(0)) 1 + 6 + 1 + 6€max(0) (68)
(L+1)6
<
~ 1+6 emax(o)

where (68) uses Lemma 2 and &(
proof, we need to show that e;(¢) < e;((£ + 1)T.

T,) = 1. To complete our
) for all ¢ >

14

(£4+1)Ts. Again, note that (66) still holds over [(¢+1)Ts, ({+
2)Ts], it follows from (67) that for ¢t € [(¢ + 1)T5, (£ + 2)T%]

e;(t) — fl;j_(semax(o)
< (@ D) — e (@) (1~ DT
<ei((t+1)7T5) - %emax(o) (69)

where (69) uses the fact that £(t) € [0,1] for ¢ € [0,T5].
Thus, repeating the same arguments iteratively for subsequent
intervals, we can conclude that e;(t) < (Zﬂlggemax(o) for
t > ({4 1)Ty, proving our claim.

Proof of Lemma 6: Multiplying p*(t) on both sides of
(28), we obtain
PE)Y() = =™ (£)y(t) — ap(t)* " p(t)y(t)
which further gives

w = p*(0)y(t)+ap(t)* p(t)y(t) = —vp™(t)y(1).

Applying comparison principle on the above equation gives

P ()y(t) = e V1) 0% (to)y(to), VE € [to, Ty),  (71)
thus our claim follows.

(70)

Proof of Lemma 8: Consider a sequence of nodes
,i7 such that iy € F, with £ € {0,--- , T} and i, is
the true parent node of é,,1 with £ € {0,--- ,T — 1}. Every
node in the graph G is in such a sequence and T < D(G) —1.
As Fp = S by Remark 1, we begin with node ;. It follows
from (25) and (9) that for ¢ € [0, T})

€, (t) = @, (t) = =77 (t) (3, (t) — s (s (t) + wi,j})

= —i(t) (@4, (t) — (a7, (72)

= —n(t)ei, (1) (73)
where (72) uses Lemma 7 stating that z;(t) > z; foralli € V
and all ¢ > 0, and the fact that iy € S is a true parent node
of i1, i.e., for all j € N(i1), @4 (t) + wigi, = TF, + Wigi, =
zi < @+ wi; < x;(t) + w;, ;, and (73) uses (1) and (9).
From Lemma 6, (73) gives

€i, (t) = piz(t)eimfeil (0)7
leading to lim, ;- €;, () = 0, and lim, ;- z;, (t)

iOailv"'

+ Wiy, )

(74)

=z .
For node 72, we prove by contradiction. Suppose e;, (t) does
not converge to 0 when t approaches 7. As e;(t) > 0 for
alli €V and t € [0,T) by Lemma 7, lim, - e;,(t) # 0 is
equivalent to Je; > 0, such that Vd; > 0, there exists a ¢ €
[TS — 517T5) such that €y (tl) > €1. As limt_@g— €i1( ) =0

implies that for some €; = z€1, 392 > 0 such that e;, (t) < €3

forall t € [T 52, %), from (25) and (9), for t € [T — 62, Ts)
et2 ('rw - eHj\l/}(n {xJ( )+ w’i2j}>
< =0() (@i, () — (i, (1) + wiyiy )
< =) (i, () — (27, + €2 + wiyi,))
= —1(t)(es, (t) — €2) (75)

where (75) uses (1). Using comparison principle and Lemma
6, there holds for ¢ € [T — 62, T5)

eix (1) < p 2 (1)p (Ty=85)e = (Tm22))(

A(t)

€, (T9 —0g)—€2)+ea.

(76)



As the left-hand limit at T, of A(t) in (76) is 0, for €5 > 0,
363 > 0 (such J3 can be chosen to satisfy 3 < d2) such that
|A( )| < ez forall ¢ € [Ty —63,T), leading to e;, (t) < 2e; =
*61 for all t € [ s — 03,T%), establishing the contradiction,
and thus lim, ;- @, (t) = 7.

To prove lim,_, 7 @i, (t) = 27

12°
5> WE only need to use the fact
that lim, - x;, (t) =

x;, . By applying the same steps to the
remaining nodes, it can be verified that lim, ;- x;,(t) = 7],
for all £ € {1,---,T7}, thus completing our proof.

Proof of Lemma 9: We use the sequence of nodes
10,11, -+ ,i7 as considered in the proof of Lemma 8. We
begin with node i; € Fj, it follows from (73) and (74) in
the proof of Lemma 8 that for ¢ € [0, T)

€, (t) = —q(t)p~ 2 (t)e " "e;, (0)
TS —t 2+4-2h + h ( —t 1+2h 3
- _(7< T2+)2h 2( )T2+2h ) Je e (0),

implying lim,_, 7— @, (t) = ¢é;, (t) = 0. Further, we prove (32)
by using induction and begin with node iz € Fa. It follows
from (25) that over the interval [0, T5):

) ==0) (20~ min {o0) + w1 )

—j(t )(%( ) = (@4, () + wiyiy)) (77)
( ) —‘1-612( )—95;‘: _ei1<t)_wi1i2>
= —77( )(eiz (t) — e (1)) (78)

where (77) uses 7j(t) > 0 for t € [0,T5) and the fact that iy
is a true parent node of i and thus i; € N (i3), and (78) uses
(1). Putting (74) and (26) into (77), there holds:

é;,(t) <

o+ 2D E e, 0) - (4 2 e )
< o 2y Lt -1+ 2 o) 09)
< Cyy (T — )1 — (7+;ht1t)ei2(t) (80)

S

where (79) uses the fact that e;, (), e;, (t) > 0 for ¢ € [0,T})
by Lemmg 7and 0 < e~ 7t < 1 for t € [0,T5), (80) follows
that 0 < *t <1fort € [0,7%), and in (80) C;, = (#—i—
;2;;22 )621(0) From (80), by the comparison principle, e, (t)
is bounded above by the solution to the differential equation

éiy(t) = Ciy(Ts — 1) — (y+ 2tL)e;, (t) with the initial
condition é;,(0) = e;,(0) for t € [0 T ). Therefore,
ult) < (Do, 0) ey @D
. T?h-}—lcl s
with ¢;, = =2 2 and thus (32) holds for ¢ = 2.
Suppose (32) holds for some ¢ € {2,--- ,D(G) — 2}. For

node i¢ 1 € Fyy1, from (25), (77) and (78), for t € [0,T})

€ippy () < —1(t) (€ (1) — €5, (1)) (82)
2h+2  (Ty — )23t
<O+ fq—t)( T2ht3-C (77, (0) +¢i,)) —
2h+2
(7“‘@)61‘“1@ (83)
< Cigp (Ty = t)"7270 = (4 %)eml@) (84)

where in (82) node i, € Fy is a true parent node of node i1,
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(83) uses our induction hypothesis that (32) holds for node iy,
(84) uses the fact that e;, , (t) > 0 for t € [0,7}) by Lemma
7, and in (84) Cj,,, = (T2h12 7 + §£Lj32,)(e”(0) + ¢iy)-
Following the derivation from (80) to “(81), it follows from
(84) that e;,,, (t) obeys

(1) < (B D220 (e (0) 4 ci,.)
T211+2—S12C_
with ¢;,,, = —= "4 Therefore, our claim (32) follows.
Proof of Lemma 10: It follows from (25) that for ¢ € F,
with £ € {2,--- | D(G) — 1}
ai(t) = é(t) = —n(t) (z:(t) — min {z;(t) +wy;})

JEN (1)
> —q(t)(zi(t) — ) = —n(t)e i(t) (86)
where the inequality in (86) uses Lemma 7 and (1), resulting
in minJEN( ){l‘j( ) + wu} > minjeN(i){x; + ’LUU} = z;.
Putting (32) into (86) yields

(85)

(T, — )23t
() 2 =) =g —(¢eu(0) + )
_ T, —t\ont3—e (24 2h)(T, — t)?h+2-¢
= —(W(T> + T3h+3 ; )

(eei(0) + i) (87)
As h> % and £ <D(G)—1, there holds lim,_, 7 é;(t) > 0.
~ To derive the lower bound of the left-hand limit of ¢;(¢) at
Ty, note that (86) implies e;(t) > p%(t)e_’\tei(()) by Lemma

6, together with (25) there holds

éi(t) = —(t) (zi(t) — H}\I[I(l){%( ) +wis})

< —i(t) (wi(t) — (;(t) + wij)) (88)

= —1(t)(ei(t) — e;(t)) (89)
— At ( ) (737t)2h+47£ s

< 777( )( pQ(t) T2h+4_g (6 v 6](0)+CJ)) (90)

where in (88) we assume j € Fy_; is true parent node of ¢,
and (89) uses (1), and (90) uses Lemma 9. Then it follows
from (26) and (87) that lim, ;- é;(t) < 0. Therefore, our
result holds by Squeeze theorem [32].

Proof of the claim in Remark 7: It follows from (44) that

i(t) = —n(wi(t) - jg}\ifl(li)ﬂxj ()] + wij (t)})

> _n(xi(t) - wmin)7Vi ev \ 57 (91)
where (91) uses (36). By comparison principle, we obtain
2i(t) > e " (2;(0) — Wnin) + Winin, (92)
leading to z;(t) > 0 for ¢ > 0 if x,;(0) > 0, or x;(¢t) > 0 for
t> 717 In “’“‘%‘x‘(o) otherwise.

Proof of Lemma 11: The proof for (46) is trivial. For ¢ ¢ S,
we consider three cases: 1) e;(t) > 0; 2) e;(t) < 0; and 3)
ei(t) = 0. In the first case, let j be the true parent node of
node ¢, it follows from (35) that

Vi(ei(t)) = éi(t) = —n(i(t) — ;in. {; (1) + wij(£)})

< —n(@i(t) — (25(t) + wiy +uiz (1)) (93)
= —n(z; +wij + ei(t) — (x5 + e;(t) + wij +uii(t))) (94)
= —ne;(t) +ne;(t) +nug;(t)

< —nVi(ei(t)) + nVi(e;(t)) + nlu(t)] (95)

where (93) uses (37), (94) uses (1) and (9), and (95) uses the



fact that e;(¢) > 0 and V;(e;(t)) = e;(¢).
In the second case, let j be the current parent node of node
i, i.e., j € Pi(t), it follows from (35) that

Vi(ei(t)) = —€i(t) = n(wi(t) — Jin, {5 (1) + wig ()})

= ’17(.');‘;k + ei(t) — (ac;“ + ej(t) + wi; + u”(t))) (96)
We need to consider two subcases. Firstly, suppose j in (96)
is also a true parent node of node i. By (1), (96) reduces to

Vilei(t)) = nlei(t) — ej(t) —ui(t))
< —nV(eit)) +nV(e;(t) + nlu(t)] ©7)
where (97) uses the fact that e;(t) < 0 and V;(e;(t)) = —e; ().
Suppose in (96) j ¢ P(i). By (45), (96) reduces to
Vi(ei(t) <n(C(af +wij) + ei(t) — (25 + € (t) +wij+ui (1))
< (¢ +wig)+ei(t) —C(xf + e (t)+wi) —ug(t)  (98)
< —nVi(ei(t)) +nCVj(e; (1) + nlu(t)] (99)
where (98) uses the fact that z;(t) = 2} + ¢;(t) > 0 and
w;; > 0, and (99) uses that V;(e;(t)) = —e;(t) as e;(t) < 0.
For the case e;(t) = 0. If the condition in (47) holds, then
|u(t)| =e;(t) =0 for all j € {1,---,n}. From (35),

Vile(t)) =€éi(t) = —Enai(t)— min {;(t)+wi(t)}) (100)
= ~&n(af — min {25 +wi}) =0 (1on)

where ¢ in (100) obeys & € [—1,1] by (43), and (101) uses
(1). Combining (95), (97), (99) and (101), (47) holds.

Proof of Lemma 12: If 1 < 5 < (1/¢) (@, there exists
d > 1 such that dn¢ < 1. Consequently, there exists d > 1
such that d\;; < 1 for all i € {1,---,n}, where \;; = (7
by (48), given that i ¢ P(i). From (48), dj\l-j > 1 can only
happen when i ¢ S and j € P(i), as in this case \;j; =
n > 1. Therefore, the maximum value induced by such cyclic
compositions arises from node sequences: i1, i, - - - , i, Where
i is a true parent node of node iy for £ € {2,--- ,r}. Now
we consider two cases: 1) i, € S; and 2) i,- ¢ S. In the former
case, it follows from Definition 2 that r < D(G), together with
(48), we obtain

) _ - 0.5~
X dXigig X oo X dAiyqy = d W

1

d\ <0.5-dP@,

1112

implying the existence of d; > 1 such that 0.5 - dlp(G) <1

In the latter case, there holds r < D(G) — 1, and 41 ¢
P(ir) by Lemma 1 in [12], as otherwise D(G) would become
infinite. By (48), we have

dj\ilig XX dj\ir—lir X dj\iril < dTnTC

< dD(G)_l(l/C)%C — dD(G)—lgﬁ_
As ( < 11 by (45), there must exist do > 1 such that
dP D7 < 1. Let d = min{dy,ds} be the diagonal
operator factor of D, our claim follows.
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