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Novel Zeroing Neural Dynamics for Real-Time
Management of Multi-Vehicle Cooperation

Bolin Liao ", Tinglei Wang

and Shuai Li

Abstract—In multi-agent real-time position management tasks,
the accuracy of error convergence and convergence time are
crucial. This paper reformulates the proposed real-time position
management scheme as a quadratic programming problem with
equality constraints and solves it in real-time using the zeroing
neural dynamics (ZND) model. To enhance the model’s ability to
detect real-time position management errors, an adaptive parame-
ter finite-time convergent zeroing neural dynamics (AP-FTZND)
model is introduced, incorporating adaptive parameters and a
nonlinear activation function (AF) within the ZND framework. The
global convergence of the AP-FTZND model is proven using the
Lyapunov theory, and the upper bound of the convergence time is
derived. Finally, the effectiveness and superiority of the AP-FTZND
model in solving multi-agent real-time position management tasks
are validated through simulations and physical experiments.

Index Terms—Zeroing neural dynamics (ZND), adaptive
parameter, finite-time convergent, real-time position management.

I. INTRODUCTION

ITH advancements in multi-agent real-time position

management research, this technology has been widely
applied across various domains, such as ground robot explo-
ration [ 1], [2], drone-based search and rescue operations [3], and
autonomous underwater vehicle seabed exploration [4]. These
applications are all built on the solid theoretical foundation of
multi-agent real-time position management, whose core idea is
to achieve coordination through information exchange among
agents. One of the earliest methods developed from this idea
is the leader-follower method [5], [6]. However, the actions of
followers are dependent on the leader, limiting the flexibility of
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position management. To overcome this limitation, the virtual
structure method was introduced [7], though it is hindered by its
high computational complexity. The behavioral method takes
a different approach [8]. While it offers high robustness, the
independent actions of each agent make it challenging to achieve
strict geometric formations. Each of these three methods has its
strengths and weaknesses. Researchers have developed numer-
ous improvements and integrations based on these foundational
methods, progressively optimizing the effectiveness of position
management strategies [9], [10], [11], [12], [13], [14].

In contrast to the significant advancements in real-time posi-
tion management methods for multi-agent systems, this paper
emphasizes two critical performance metrics: the accuracy of
real-time position error convergence and the convergence time
of the error. In complex scenarios, precise control over these
metrics is crucial to ensure optimal system performance and
mission success [15]. Real-time position management in multi-
agent systems often involves time-varying challenges, requiring
proposed algorithms to demonstrate strong adaptive capabilities
and to track the solution in real-time accurately.

The introduction of zeroing neural networks (ZNN) effec-
tively tackles this challenge by utilizing the time derivatives
of time-varying parameters to accurately track problem solu-
tions [16], [17]. Due to its exceptional real-time performance,
early researchers widely applied ZNN to scientific computing
problems such as high-dimensional time-varying matrix in-
version [18], [19], [20], [21] and time-varying equation solv-
ing [22], [23], [24], [25], achieving significant results. As the
ZNN model evolved, zeroing neural dynamics (ZND) was pro-
posed, leading researchers to explore its application in robotics
control, where it showed promise in areas like robotic arm
trajectory tracking and motion planning [26], [27], [28], [29].
Moreover, based on the evolution formula of ZND, some mean-
ingful work has emerged in the field of autonomous vehicles.
In Ref [30], Liufu et al. first designed a perturbation-resistant
neural dynamics controller to efficiently solve the time-varying
model predictive control problem in autonomous vehicles. Sim-
ulations on the CarSim-Simulink platform and real-world ex-
periments demonstrated the efficiency and effectiveness of the
proposed model. Similarly, a physics-informed neural network
was developed to accomplish the trajectory tracking task of
autonomous vehicles while ensuring the safety of physical
constraints [31].

In [32], Liao et al. were the first to apply ZND to real-time
position management in multi-agent systems, achieving notable
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success. However, their method exhibited three key limitations:
(1) the proposed position management scheme was limited to
forming linear formations, reducing its effectiveness in com-
plex environments; (2) the original ZND model produced low
accuracy in the convergence of real-time position management
errors; and (3) the model demonstrated slow convergence in
reducing these errors. To overcome the limitations of the original
model, this paper introduces several improvements. To address
the restriction of linear formations, we propose a central robot
constraint that allows the formation’s centroid to adjust dynam-
ically based on the position of the central robot. To improve the
accuracy and speed of error convergence, we introduce the adap-
tive parameter finite-time convergent zeroing neural dynamics
(AP-FTZND) model, which includes adaptive parameters and
a nonlinear activation function (AF). The adaptive parameters
dynamically adjust in response to position management errors,
increasing to improve responsiveness when errors are large and
decreasing to reduce computational overhead when errors are
small. The inclusion of nonlinear AFs significantly enhances the
model’s sensitivity to errors. Experimental comparisons demon-
strate that the proposed AP-FTZND model achieves an error
convergence order of 10 & within approximately 8s, whereas the
original ZND model only reaches an error convergence order of
10! under the same conditions. This improvement is primarily
due to the enhanced error-sensing capability of the AP-FTZND
model, which effectively addresses the limitations of the original
ZND in real-time position management tasks.

The excellent performance of the AP-FTZND model in solv-
ing multi-agent real-time position management tasks demon-
strates its strong potential in traffic systems, particularly in
areas such as autonomous vehicle formation [33], fleet man-
agement [34], and coordinated traffic flow [35], [36]. Its out-
standing real-time capability and accuracy ensure the safety and
efficiency of these tasks.

The remainder of this work is organized as follows: Section II
offers a detailed description of the relevant issues, including
the robot kinematic model, formation task construction, and
the development of the AP-FTZND model. Section III provides
an in-depth discussion of the convergence properties and con-
vergence time bounds of the AP-FTZND model. Section IV
presents simulation experiments that validate the theoretical
analysis by solving multi-agent position management tasks with
the AP-FTZND model. Section V describes related physical ex-
periments, demonstrating the practical feasibility of the model.
Finally, Section VI summarizes the entire article.

The main contributions of this paper are as follows:

1) Anovel real-time position management task is introduced,
reformulated as a quadratic programming problem with
equality constraints. This approach outperforms the single
linear formation method in [32], significantly improving
the flexibility and scalability of formation control, espe-
cially in complex dynamic environments and multi-task
coordination scenarios.

2) A novel AP-FTZND model is proposed to address multi-
agent position management tasks. Compared to the origi-
nal OZND model, the AP-FTZND demonstrates superior
performance in both convergence speed and accuracy.
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Additionally, we provide a theoretical proof of its global
convergence and an upper bound on the convergence time.

3) The innovative application of the AP-FTZND model
in practical physical experiments, compared to previous
ZND models and traditional traditional gradient-based dif-
ferential neural networks (GNN) [37], further highlights
the effectiveness and superiority of the AP-FTZND model
in solving multi-agent position management tasks.

II. PROBLEM DESCRIPTION

A. Kinematic Modeling

The subsequent research in this paper focuses on car-like
robots (CLRs). Control of CLRs is achieved by adjusting the
driving speed and steering angle. To ensure the accuracy and
effectiveness of the CLRs’ kinematic model, the following as-
sumptions are made:

Assumption 1: The CLR material features a uniform density
distribution, eliminating any mass offset due to density varia-
tions. It is perfectly symmetric from left to right, with its center
aligned with its centroid.

Assumption 2: During the motion of the CLRs, the rolling
constraints of the tires prevent any side slipping, thereby satis-
fying the Pfaffian constrain [38].

For CLRs, if the center of the rear axle is taken as the
reference point, the vehicle’s current pose can be described
by the Cartesian coordinates of the reference point (X, Y), the
orientation angle , the steering angle of the front wheels , and
the wheelbase |. Using this information and the given driving
speed U1 (the linear velocity along the vehicle’s direction), the
following dynamic equations can be derived:

X =uycos( )
y =ugsin( ) o
= uy tan( )/I

Since side slip is not permitted, using the center of the rear axle
as the reference point significantly restricts the movement of the
CLR from a mechanical perspective. To address this limitation,
a new reference point (X, Yr) is introduced, positioned along
the robot’s centerline at a distance d from the original reference
point. With this new reference point, the system can be modeled
as a vehicle bicycle model (as shown in Fig. 1), and the following
kinematic equations are derived:

Xy =X+ dcos( )
yr =y +dsin()
Xr = upcos( )

yr =ugsin( ) +

2

dus sin( ) tan( )
1

duj cos( ) tan( )
1

Based on equation (2), we define up = u tan( ), resulting in
the following expression:

Xy = ug cos( )
yr = ugsin( ) +

dus sin( )
]

dup cos() 3)
1
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Fig. 1.

Vehicle model employed in this paper.

Equation (3) can be expressed in matrix form as:

X cos() dsin( )1 u
Yr sin() dcos( )/l uy
o o

From the above equations, the driving speed Uy and the steering
angle as follows:

u=

_ uQ) 4)
= arctan g5

In summary, the derived kinematic model enables the determi-
nation of control inputs for CLRs by calculating their planned
trajectory in the Cartesian coordinate system.

B. The Problem Description of Multiple CLRs Management

This section presents an efficient real-time position man-
agement method that, unlike traditional approaches, utilizes
complex numbers to represent CLR position coordinates. For
a given CLR Cp,, its position at time t is expressed as P (t) =
X(t) + y ()i, where X(t) and y(t) correspond to the X-axis and
y-axis coordinates at time t, respectively.

Objective 1: In the multiple CLRs system, there are two leader
CLRs, represented by the set L = {C;j |i {0,n + 1}}, with
corresponding positions Pg(t) and Pp41(t). There are n fol-
lower CLRs, represented by theset F = {C; | i {1,...,n}},
with corresponding positions P;j(t), wherei {1,...,n}}. By
controlling the leaders Cp and Cp41, the followers F are
uniformly distributed along the straight line between Cp and
Ch+1-

Objective 2: To enhance formation flexibility, designate Cj
F with j = 3 as the center of the follower CLRs, with corre-
sponding positionP; (t). This ensures that the overall center of
mass of the follower CLRs F \ {C;} shifts towards Cj during
formation.
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Fig. 2. Real-time management objectives for the multiple CLRs system.

Objective 1 and Objective 2, as shown in Fig. 2, can be
formulated as the following optimization problem [32]:

n

Pi® Pi 1P +[Pi(®) Piwa(®

1

Minimize —

Pi 2.,
subject to Pj(t) = kPo(t) + (1  K)Pn+1(t) + Vv

(%)

where k [0, 1] represents the lateral displacement parameter

(parallel to the line connecting Pg and Pn+1), and V repre-

sents the longitudinal displacement (perpendicular to the line

connecting Pg and Pn41). Here, R denotes the magnitude

of the displacement, and v C denotes the direction of the

displacement. The expression for Vv is as follows:

_ M(Pn+1(t)  Po(t)) R(Pn+i(t)
|(Pn+1(t)  Po(1)]

where, R(*) and M (*) denote taking the real and imaginary parts
of the complex number € (t), respectively.

To better solve the described optimization problem, we trans-
form it into the form of a matrix equation. First, to accurately
solve Pj(t) iteratively, we treat the position variable Pj(t) in
the optimization problem (5) with equality constraints as a
continuous variable when the time interval t is sufficiently small.
We then construct it as a Lagrangian function:

, Po(t)i

n

IPi® Pi 1) +[Pi(®) Pisai(®

i=1
+ (Pi() K)Pn+1(t) + V)

Here, represents the Lagrangian multiplier. Additionally, from
equation (5), it is clear that the objective function is convex, the
equality constraints are affine, and the feasible region is non-
empty. Therefore, we can apply the KKT conditions to solve the
problem.

The KKT conditions include dual feasibility, which requires
that the gradient of the Lagrangian function is zero:

(kPo(t) + (1

B = 2Pi) Pi 1() Piva())=0 fori=j
ﬁ =2Pj(t) Pj 1(t) Pj+i(t)+ =0 fori=j
- =Pj®) (KPo(t) + (1 K)Pns1(t) + V).

(6)
To facilitate computation, we transform the dual feasibility
condition(6) into the form of a matrix equation.

AX(t) B(t)=0 (7
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where
P.(t) Po(t)
P2 (t) 0
X(t)= ,B(t)= : ch*
Pn(t) Ph+1(t)
kPO(t) + (1 k)Pn+l(t) + v
2 1 0 o000
1 2 l LN ]
0 1 0
A= 0 0 1 R(n+1) (n+1),
1
vee 1 2
1 for =n+2land =],
for =n+1land =j,
2 for = ,
a =
1 for = 1,
1 for = +land = n,
0 others.
where, a represents each subelement of matrix A.

In the KKT framework, traditional methods require the equal-
ity constraint

to be satisfied from the start. However, in the real-time position
management task discussed in this paper, we aim to gradually
approach this constraint through iterative processes rather than
enforcing it from the outset. As a result, initial solution feasi-
bility is not required; instead, dynamic adjustments of Lagrange
multipliers are used to progressively satisfy the constraint over
successive iterations.

In summary, the optimization problem (5) with equality con-
straints can be transformed into:

AX(t) B() =0 8)

It is worth noting that in (8), B (t) includes the position informa-
tion of the two leaders, Py (t) and P41 (t). The positions of these
two leaders are known. For the multiple CLRs management task
described in this section, the position states X (t) of the followers
in the system need to be solved in real-time. Therefore, in the
following sections, we detail our work on dynamically solving
the position states X (t) based on neural dynamics.

C. Design of the AP-FTZND Model

In this section, we propose an AP-FTZND model for the
precise online solution of the multiple CLRs formation task
described in (8). To clearly demonstrate the design process,
this section first introduces the original zeroing neural dy-
namics (OZND) as the foundational model. Then, it presents
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optimizations and improvements built upon OZND from two
aspects: nonlinear AFs and adaptive parameters. Finally, based
on these two improvements, we propose the AP-FTZND model
for dynamically solving the multiple CLRs management task.
For the matrix (8) that requires iterative solving, since its co-
efficient matrix A is invertible, there exists a theoretical solution
X (t) such that it satisfies AX (t) + B(t) = 0. Therefore, we
can construct the following (n + 1)-dimensional error function:

B(t) (AX () B(1)
B(t)

E(t) = AX (1)

= AX(1) €))

The design formula for OZND, based on the error function (9),
is as follows:

dE®)
& ~ EO®

where > 0 represents the convergence parameter.

By combining (9) and (10), we derive the OZND model for
addressing the multiple CLRs formation task [32]. However,
this model exhibits slow convergence and low accuracy. To
enhance its performance, we propose using adaptive parameter
and nonlinear AFs.

1) Adaptive Parameter: The process of solving the multiple
CLRs formation task (9) online is dynamic. Using a fixed conver-
gence parameter can result in an inability to adjust in real-time
based on the current situation, leading to reduced stability and
slower convergence. To address this issue, this paper employs an
adaptive parameter based on position error to track the system’s
state solution in real-time.

= exp( tH( E(®) rms) + E(1) rms) (11)

where and are design parameters, both greater than 0. E (t)
represents the system error function (10), and ¢ gys denotes
the RMS norm, which is defined as follows:

(10)

1
n+1

E() rus = _ RE®?+ME®)?) (12)
where e;(t) are elements of E(t) C"*!, R(*) and M (+)denote
taking the real and imaginary parts of the complex number €; (t),
respectively. H(*) is defined as a piecewise function with the
following specific form:

exp(x) if x > max{RelTol, AbsTol},

H(X) =
) 0 if other,

where RelTol and AbsTol denote relative error and absolute
error, respectively

For the adaptive parameter defined in (11), it is evident that it
remains greater than zero in all circumstances, and its magnitude
is positively correlated with the error function E (t). This means
that when the formation is in its initial state and not yet estab-
lished, E (t) is relatively large, causing the adaptive parameter to
increase accordingly. This allows the CLRs to quickly converge
to the predefined formation. Once the formation is complete
and E(t) is small, the adaptive parameter decreases, reducing
computation time while maintaining formation accuracy.
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2) Nonlinear Activation: To enhance the model’s conver-
gence speed, researchers have explored various approaches in-
volving AFs. Unlike traditional linear AFs (X)) = ax, where
a > 1, nonlinear AFs can significantly accelerate convergence.
Notable examples include the power function [39], bipolar-
sigmoid [40], and power-sigmoid AFs [16].

The aforementioned nonlinear AFs are all monotonically
increasing odd functions, which contributes to the stability of
the entire system. Detailed proofs will be provided in subsequent
chapters. In this section, we use the SBP function to accelerate
the model, achieving finite-time convergence. The specific ex-
pression is as follows:

(X) = signP(x) + sign%(x), O<p<l1 (13)
where
|x|P if x >0,
sign’(X) = 0 ifx=0,

x| P ifx <O0.

By combining the adaptive parameter, the SBP AF, and the
OZND design formula, the resulting AP-FTZND design formula
is:

EM= (© (E®M)

Furthermore, by integrating the error function (9), we derive the
AP-FTZND model for solving the multi-CLR management task:

(14)

AX(t) = exp( tH( AX(t) B(t) rms)
+ AX(D) B() rus)GignP(AX (D)  B(1)
+sign? (AX (1) B() + B(1) (15)
Therefore, we can derive X (t) as:
XM= Al exp( tH( AX(t) B(t) rms)
+ AX(1) B(1) rus)Gign”P(AX (D)  B(1)
+signd (AX (1) B(1))) + B(1) (16)

By combining the kinematic equations of the CLRs (4), the real-
time driving speed Uj; () and the steering angle (t) of the i-th

follower CLR (i {1,2,...,n}) can be derived as follows:
Uiz (t) cos( ) sin()  R(xi(t)
ui()  ysin() Xcos()  M(xi(t)
ey : e (D

. — ui@)
i(t) = arctan VAGIO)

where X;(t) is a subelement of X, representing the velocity of
the i-th CLR, and R(*) and M (*) are as defined previously.

Considering the multi-CLR management task proposed in this
paper, it can be represented using GNN [37] as follows:

AX() = (AX() B()

where > 0is adesign parameter, and the GNN state X adjusts
along the gradient direction of the error function E(t). In the

(18)
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simulation experimental section of this paper, this traditional
method will be compared with the AP-FTZND-based approach
proposed herein.

In summary, this section presents a detailed overview of the
kinematic modeling of CLRs, the multi-CLR management task,
and the AP-FTZND model. The interrelationship among these
components is illustrated in Fig. 3.

III. THEORETICAL ANALYSIS

In this section, we analyze the convergence and the upper
bound of the convergence time of position management errors
in the real-time position management task for multiple CLRs
using the AP-FTZND model defined in (15).

Lemma 1: When using the AP-FTZND model (16) to it-
eratively solve the multiple CLRs management task (5), the
state solution X (t) of the AP-FTZND model (15) will globally
converge to the exact solution of problem (8).

Proof: According to (10), its subsystems can be expressed as
follows:

ei(t) = ® (i), i {1,2,...,n+1} (19)
For subsystem (9), we can construct a Lyapunov function can-
didate: L(t) = e?(t). Taking the derivative with respect to time
t, we get:

LO = 2ei(® (1) (ei(®)
= 2ei(t) exp( tH( E(t) rvs) + E(t) rms)
(ei(V)

by analyzing the SBP nonlinear AF (13), we can derive the
following relationship:

xX)=>0 ifx=>0,
0 ifx =0,
(xX)<0 ifx<0O.

Assuming that the AFs form a set of monotonic increasing odd
functions that satisfy the above conditions, and given that the
adaptive parameter (t) > 0, we can conclude that:

LO= 2e() (O (ei()) 0

(20)
Therefore, L(t) is positive definite, and L(t) is negative semi-
definite. According to Lyapunov’s theory, the AP-FTZND model
is asymptotically stable, which implies that the position state
solution X (t) will globally converge to the theoretical exact
solution. This also indicates that, for any initial position, CLRs
can accurately achieve position management.

Lemma 2: When using the AP-FTZND model (15) to it-
eratively solve the multi-CLR position management task (5),
the state solution X(t) C"*! of the AP-FTZND model (15)
will converge to the exact solution within a finite time. This
means that, for any initial position, the CLRs can reach the
specified position within a finite time, with the upper bound
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|
|20

Adaptive Parameter
= oexp(EH(|1E(®)lnws) +

AX(t) = — oexp(§LH(| AX(t) + B(t)||rus
+ [|AX() + B(t) |rus)!
+ sign? (AX(0) + B(®))

IE@ws) | |

AP-FTZND | |
Model ||

)
sign? (AX(t) + B(t)
) - B(t)

Fig. 3.

of the convergence time T given by:

In —5(* P e,P(0)+1
exp( )
p 1
p 3]
T +—— Case 1
(P 1
B, 1(0)
—_ Case 2
a p
Proof: Define em(t) = max{|es|,|€2],...,|€n+1|}, assum-

ing that when the largest error term in the subsystem converges,
the remaining terms will also converge. Furthermore, we define
the Lyapunov function candidate as M (t) = €2 (t). Its deriva-
tive is given by:

M(D) 2em(t) (O (&i(D)
2em(t) exp( tH( E(t) rus)

+ E(1) rvs) (em(1))

Next, we will discuss the adaptive parameter (t)(11) under
different cases:

Case 1: When E(0) rms = max{RelTol, AbsTol}, we can
divide the upper bound of the convergence time T; into two
segments, i.e., Tc = Ty + Ty, where Ty represents the time for
the error to converge from E(0) grys to max{RelTol, AbsTol},
and T, represents the time for the error to converge from

max{RelTol, AbsTol} to 0.

Roadmap of AP-FTZND for real-time position management in multi-agent systems.

For the time period T1, we have H( E(t) rvs) =

exp( E(t) rms). Further, we can derive:

2em(t) exp( texp( E(t) rus) + E(t) rms)
(em (D)
2 exp( texp( E(t) rvs) + E(1) rms)

M (t)

(€21 (0) +end (1)

2 exp( texp( EV) rus) + E() rus)ent (1)

We assume the variable = max{RelTol, AbsTol}, where
E(t) rms. This allows us to derive the following relationship:

dM (1)
dt

M % (0)dM(b)

2 exp( texp( )+ YM®E (t)

2 exp( texp( )+ )dt

Further, by integrating both sides, we obtain:

M (T1) T

M %= (6)dM (b) 2 exp( texp( )+ )dt
0

0

Furthermore, it can be derived as:

2 exp( texp( NI

2 2
1—p(63n P(T1)  enP(0) —(exp( Taexp()) 1)
At time T, we have E(T1) rms = . Furthermore, according
to the calculation formula for the RMS norm ¢ gyps(12), the
range of em(T1) is [ , N+ 1] Therefore, simplifying the
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above equation, we obtain:
L( 1p gl P(0))
1 p m
When E(T1) rus = , the minimum value of em(T1)
is em(Ty) =ei(Ty),i {1,2,...,n+1}, which means
em(T1) = . The maximum value of emn(T1) occurs when
ei(Ty)=0,i {1,2,...,n}, which means en(T1)=
N+ 1 Therefore, en(T1) [, nNn+1]. Since we are
considering the upper bound of the convergence time, we take
em(T1) = .Thus, T; can be expressed as:

In(—5—=( LPoenP(0)+1)
exp( )
For the time period Tp, where E(t) rus , it can be
considered that the initial value E(0) rys = converges to

E(T2) rms = 0. According to (13), it satisfies the following
equation:

2 (exp( Teexp( ) 1)

M) = 2 exp( E(t) rus) (em(1))

2 exp( E(® rus)M % (0
pri
2 M2 (1)
Simplifying the above, we obtain:
%P
p 1

Since E(t) rms fully converges at time T, we have e (T2) =

©F (T) e (@) 2T

0 and e (0) = . Therefore, we derive:
p1
p »
T, ———
e D

The total convergence time upper bound can be expressed as:

In(55(* P enP0)+1) L P &
exp( ) P D

T, +Ts
Te

At this point, we have completed the analysis of the convergence
time upper bound for solving the multiple CLRs formation task
(5) using the AP-FTZND model under Case 1. Next, we will
discuss the second scenario.

Case 2: Considering E(0) rvs max{RelTol, AbsTol},
we can divide the upper the system will ensure that the error
converges from E(0) rus to 0 within the T, time.

For E(0) rms max{RelTol, AbsTol}, if this condition
is satisfied at any subsequent time, then E(t) rus
max{RelTol, AbsTol} and H( E(t) rms) = 0. Therefore, we
obtain:

M (t) 2 M (1)

Integrating both sides and simplifying, we obtain:

MT T
M " (@dM() 2 dt

0
2

— M ()

(M 2 (Te) 2 T

5203

At time T, E(T¢) rus =0  M(T.) = 0. We can finally
obtain the upper bound of the convergence time T. for the
AP-FTZND model under Case 2:
1
7, (O
@ n

In summary, the proof of finite-time convergence for solving
the multiple CLRs position management task (5) using the AP-
FTZND model has been completed. This demonstrates that the
AP-FTZND model can achieve precise position management of
CLRs within a finite time.

IV. SIMULATION EXPERIMENTS

This section first demonstrates the effectiveness of the pro-
posed multiple CLRs position management method through two
simulation experiments, as well as the accuracy of solving the
multiple CLRs position management task using the AP-FTZND
model. Subsequently, performance differences in real-time solu-
tions for the multiple CLRs position management task between
the OZND and AP-FTZND models are compared through a
simulation experiment.

A. Experiment 1

In this experiment, we conduct a simulation using seven
CLRs, including two Leader CLRs, Co and Cp+1, and five
Follower CLRs, Cj wherei {1, 2,...,5}. For each CLR, we
set the wheelbase to | = 1, and the reference point is positioned
at a distance d = 0.5 from the rear axles. The time-varying
trajectories for the Leaders Co and Cp+1 are defined as Po(t)
and P (t), respectively, as follows:

Po(t) =t (at® + bt* + ct® + et)i,

21
Pr+1(t) = t+ (at® + bt* + ct® + et + 8)i, 1)
where a=2625 10 4,b= 8.875 10 4,c=6.3
10 3,e = 0.4.

For each Follower C;j, the initial position and the Lagrange
multiplier are randomly generated. Considering the position
management Objective 2, we set the displacement parameter
k = 0.5 for Cn—3, with the magnitude of displacement = 2.

Furthermore, we input these initial data into the
AP-FTZND model(15) for real-time online solving. The
model parameters are set to p =0.5, =0.4, =0.01 and
max{RelTol, AbsTol} = 1.0 10 2. We then analyze the
results of the iterative process.

The motion trajectory of the multiple CLRs position manage-
ment problem, solved online using the AP-FTZND model(15),
is shown in Fig. 4. From this figure, we can clearly observe that
the Follower CLRs C;j are evenly distributed between the Leader
CLRs Cg and Cp+1. Additionally, the centroid of the Follower
position management shifts towards Cg—3, which aligns with
our desired position management objective. Fig. 4(b) and (c) re-
spectively illustrate the relationships between the CLR’s driving
velocity and steering angle with time t. From these figures, it is
evident that both the driving velocity and steering angle match
perfectly with the trajectory path presented in Fig. 4(a).
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Solving the multi-CLR position management task using the AP-FTZND model under the leader trajectory condition defined by (21). (a) Trajectories of all

CLRs. (b) Driving velocities. (c) Steering angles. (d) Distance of follower CLR Cj = 3 from the line connecting leader CLRs Cg and Cp+1. (e) Position errors.

Fig. 4(d) depicts the perpendicular distance of Follower Cp =3
from the line connecting the Leaders Cp and Cp+1. Given that
the parameter is set to 2, the theoretical perpendicular distance
of C3 from this line should be 2m. As shown in the figure, by
around 4s, this distance converges to 2m.

Fig. 4(e) shows the position error for each Follower CLR
Ci {1,2,...,5} during the position management process,
calculated as |Pj(t)  Pjq(t)|, where Pjq(t) represents the the-
oretical exact position of Follower CLR C; at time t. The data
indicates that all Follower CLRs’ errors converge by approx-
imately 3.8s, with a convergence magnitude reaching 10 6.
These experimental results demonstrate the effectiveness and
accuracy of the AP-FTZND model in solving the multiple CLRs
position management problem.

B. Experiment 2

Similar to Experiment 1, we set the real-time trajectories of
the Leader CLRs Cg and Cy,+1 as follows:

K - .
Po(t) = * 1+exp(ay 1bl(t 5! ift<25
0 t Ky i ift 25
1+exp(ai b1(45 t))
t+—— Ko __j ift<25
Pn+l(t) — ) 1+exp(a2K bo(t 5)) ) st 25 (22)

2
T+exp(a, b2(45 D)

where a; = 4,a, = 2.5, b1 = b2 =0.6,K; = K, =10.

The mechanical data for the CLRs are the same as in Ex-
periment 1, and the initial positions of all CLRs are randomly
generated. We set the displacement parameter k = 0.5 for Cj=3,
with the magnitude of displacement = 3.

We subsequently input these initial data into the AP-
FTZND model (15) for real-time online computation, us-
ing model parameters set to p = 0.5, =0.35, =0.01 and
max{RelTol, AbsTol} = 1.0 10 2. We then proceed to ana-
lyze the outcomes of the iterative process.

As shown in Fig. 5(a), the 5 Follower CLRs gradually dis-
tribute evenly between the two Leader CLRs, Cp and Cp+1,
over time, with Cj=3 shifting in the expected direction. Fig. 5(b)
and (c) illustrate the real-time changes in driving velocity and
steering angle of the 5 Follower CLRs, respectively. It can be
observed that both driving velocity and steering angle stabilize
within a short time, corresponding well with the trajectory
shown in Fig. 5(a). Fig. 5(d) shows the magnitude of Cj=3’s
displacement. Given that we set = 3, the theoretical dis-
placement magnitude should be 3m, with the direction being
backward. This is clearly observed in Fig. 5(a) and (d), where
Cj=3’s displacement magnitude converges to 3m around 58,
with the direction being backward. Fig. 5(e) shows the real-time
position errors of the 5 Follower CLRs. It can be seen that,
using the AP-FTZND model (15), the real-time position errors
of the 5 Follower CLRs converge around 4s, with a convergence
magnitude of 1.0 10 2. From these two experiments, we can
further conclude that the AP-FTZND model(15) demonstrates
both speed and accuracy in solving the multiple CLRs position
management problem.

C. Experiment 3

In this experiment, we compared the performance of the
AP-FTZND model (15), the traditional GNN model, the OZND
model, and multiple variants of the OZND model in terms of
accuracy, convergence speed, and other relevant metrics for
solving the multi-CLR position management task.

In this experiment, we set up a formation task with 7 CLRs,
where 2 Leader CLRs, Cg and Cp+1, move in a straight line at
constant speed. The mechanical data for the CLRs are the same
as in Experiment 1, and the initial positions of the 5 Follower
CLRs are shown in Table Iwe set the displacement parameter
k = 0.5 for Cj=3, with the magnitude of displacement = 2.
For all models, we set the design parameter = 0.18.
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TABLE I

INITIAL POSITIONS OF FOLLOWERS

Follower Real Part (X)  Imaginary Part (Y)
Follower C4 -3.13 -4.00
Follower C -2.40 7.30
Follower C3 -7.10 -3.00
Follower Cy -2.50 9.30
Follower C5 -5.20 8.17

Fig. 6 shows the real-time trajectories and errors obtained
using the AP-FTZND model, the OZND model, and its variants
to solve the same multi-CLR position management task. As
shown in the figure, the proposed AP-FTZND model demon-
strates a significant advantage in convergence speed compared
to the OZND model. From Fig. 6(a)—(j), it is clear that for
any given Follower CLR, the AP-FTZND model consistently
converges to the desired position first. Moreover, it is evident that
the OZND model with adaptive parameters (AP) only slightly
lags behind the AP-FTZND model in convergence speed. In
contrast, the OZND models with activation functions (SBPAF,
PsAF, PAF, LAF) perform less well in terms of convergence
speed. This indicates that the introduction of adaptive parameters
significantly improves the convergence speed of the original
OZND model.

In contrast, the traditional GNN model, with a design pa-
rameter = 0.18, performs poorly, failing to align with the
theoretical trajectory. Furthermore, its error |Pgi(t)  Pji(t)| is
the largest among all the compared models.

Fig. 7 illustrates the driving velocities and steering angles
obtained using the AP-FTZND model, the traditional GNN
model, the OZND model, and its variants for solving the same
multi-CLR position management task. The figure demonstrates
that the AP-FTZND model achieves convergence to match the
Leader CLRs within approximately 7s for both driving velocities
and steering angles. In contrast, the OZND model and the

traditional GNN model fail to achieve precise convergence even
by 15s.

Fig. 8 shows the overall error when using the AP-FTZND
model, the OZND model, and its variants to solve the same
multiple CLRs position management task. The figure clearly
demonstrates that the AP-FTZND model achieves the highest
convergence accuracy (on the order of 10 &) while maintaining
the fastest convergence speed. In contrast, although the introduc-
tion of adaptive parameters improves the convergence speed, it
slightly compromises the convergence accuracy. Notably, the
OZND model with the SBP AF achieves convergence accuracy
second only to the AP-FTZND model, reaching the order of
10 7. Therefore, we conclude that the improvement in conver-
gence speed in the AP-FTZND model primarily comes from
the adaptive parameters, while the enhancement in convergence
accuracy is mainly attributed to the SBP AF. The combination
of these two factors provides the AP-FTZND model with a
significant advantage over the OZND model in solving the
multiple CLRs position management task. For the traditional
GNN model, its convergence accuracy is approximately 10 *,
further validating that the proposed AP-FTZND model signifi-
cantly outperforms the GNN model in addressing the multi-CLR
position management problem.

V. PHYSICAL EXPERIMENT

This section will validate the feasibility of using the AP-
FTZND model(15) to solve the multiple CLRs position man-
agement task through physical experiments.

A. Experiment Platform

In this physical experiment, we use the mighty ant multi-agent
system (MAMAS) as the experimental platform [41]. As shown
in Fig. 9, its main components include intelligent vehicles, a
visual positioning module, and a server module. Each intelligent
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The real-time trajectories and errors of the CLRs were obtained using the AP-FTZND,GNN, OZND, and OZND variant models for online solving. (a),

(c), (e), (), (i) Trajectories of Followers 1-5 obtained using different model solutions. (b), (d), (), (h), (j) Real-time errors of Followers 1-5 obtained using different

model solutions.

vehicle is driven by a stepper motor and receives data from the
server via a Bluetooth module.

The specific workflow of MAMAS is illustrated in Fig. 9.
The visual positioning module collects the position data of all
vehicles and transmits it to the server module. After obtaining the
current position data of all intelligent vehicles, the server module
uses the AP-FTZND model to perform iterative calculations to
determine the next positions of all vehicles. These calculated
positions are then sent to each vehicle via Bluetooth. The vehi-
cles receive the data, which is transmitted to a microprocessor.
The microprocessor calculates the necessary pulses to drive
the motors, and this process is repeated until the experiment
is completed.

B. Physical Experiment 1

In the experiment, we used 5 intelligent vehicles for the
position management task, denoted as Cj wherei  {1,...,5}.
Among them, C; and Cs are Leaders, while C,, C3, and C4 are
Followers. Similar to Experiment 3in the simulation, we set the
Leader’s trajectory to uniform linear motion, with the specific
expressions as follows:

P1(t) = 0.1t + 0.1i
Ps(t) = 0.1t + 1.55i

For the AP-FTZND model parameters, we set kK = 0.5,
0.75, =10.05, =0.01 and max{RelTol, AbsTol} = 1.0

10 2As shown in Fig. 9(a), we aligned the MAMAS experi-
mental platform with the positive x-axis pointing horizontally
to the right and the positive y-axis pointing vertically downward
for the physical experiment.

Fig. 10 presents the position data of the intelligent vehicles
at 3-second intervals. Theoretically, with a displacement magni-
tude of | | = 0.75, the offset of Follower Cj relative to the line
connecting Leaders C; and Cs should be precisely 0.75m when
position management is complete. As illustrated in the real-time
trajectory Fig. 10(a) and the real-time error Fig. 11(b), where the
erroris defined as |[Oe O/, with O representing the expected
offset and O the actual offset, at t = 0s, position management
is not yet complete, with an error of approximately 0.3 meters.
By t = 18s (see Figs. 10(g) and 11(b)), the follower vehicles are
evenly distributed between the leader vehicles, with C3 having
an offset of about 0.25 m and an error of approximately 5 cm. We
consider the position management task complete at this juncture.
Furthermore, as shown in Figs. 10(h) and 11(b), the intelligent
vehicles maintain this position management until t = 21s, with
the error controlled to around 3 cm.

Fig. 11 shows the trajectories of the 5 intelligent vehicles
during the experiment. From the trajectories, we can see that
the AP-FTZND model successfully completed the position
management task. However, we observe slight oscillations in
the vehicles’ paths. These oscillations are caused by factors
such as the mechanical structure of the vehicles, incomplete
contact between the tires and the platform, and other unavoidable
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The control inputs for solving the position management problem using the AP-FTZND, GNN, OZND, and OZND variant models. (a)—(h) Driving
velocities, (i)—(p) Steering angles.
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physical factors. As a result, the position management accuracy
in the physical experiment is significantly lower than in the sim-
ulation. Nevertheless, as shown in Fig. 11(b), the AP-FTZND
model still managed to control the position management accu-
racy within approximately 3cm.

C. Physical Experiment 2

In this experiment, analogous to Physical Experiment 1, we
employed five intelligent vehicles for the position management
task, establishing a circular trajectory for the leaders. The spe-
cific mathematical expressions for this trajectory are as follows:

P1(t) =1.425 1.375 cos(( /26) t)

+(1.5 1.375 sin(( /26) t))i

Ps(t) =1.425 1.375 cos(( /26) (t+5))

+(1.5 1.375 sin(( /26) (t+5)))i
For the AP-FTZND model parameters, we set K =
0.5, = 0.5, =0.05, =0.01 and maxRelTol, AbsTol =
1.0 10 2.

Fig. 12 illustrates that at t = 0 s, the intelligent vehicles
exhibit a chaotic distribution. By t = 9 s, the formation is nearly
established. Theoretically, with the displacement parameter set
to = 0.5, the offset of Follower Cj relative to the line
connecting Leaders C; and Cs should be precisely 0.5 m when
position management is complete. As depicted in Fig. 13(b), the
magnitude of the displacement gradually converges to approxi-
mately 0.5 m over time, with an error margin of about 2 cm. By
t = 9 s, the displacement converges to nearly 0.5 m, indicating
that we consider the position management task complete at
this juncture. Furthermore, from Figs. 12 and 13, it is evident
that the intelligent vehicles maintain this position management
until t = 21 s, which effectively demonstrates the feasibility and
superiority of the AP-FTZND model in addressing multi-agent
position management tasks.

D. Physical Experiment 3

In this experiment, the performance of three models (AP-
FTZND, OZND, and GNN) was compared in the context of
a multi-agent position management task. Five intelligent vehi-
cles were used, with the leader vehicles following a uniform
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Fig. 14.  Screenshots of the experiment using AP-FTZND, OZND, and GNN at 4-second intervals. (a)—(d) AP-FTZND. (e)—(h) OZND. (i)—(1) GNN.
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straight-line trajectory. The mathematical expression governing
this trajectory is given by:

P1(t) = 0.1t +0.1i
Ps(t) = 0.1t + 1.55i

For the multi-agent position management task, the parameters
were set as follows: k = 0.5 and = 1.2. The same design
parameter, 0.18, was applied to all three models.

The performance of the three models (AP-FTZND, OZND,
and GNN)was compared under the same design parameter for
executing the multi-agent position management task, as illus-
trated in Fig. 14. Both the AP-FTZND and OZND models
successfully formed an initial formation at t = 4 s, whereas the
GNN model failed to achieve a desirable formation throughout
the task. With the displacement parameter = 1.2, Follower
C3 was required to maintain a precise distance of 1.2 m relative

to the line connecting Leaders C; and Cs. This implies that
at t = 125, the x-coordinate of Follower C3 should ideally be
2.4 m. As shown in Fig. 15, the AP-FTZND model achieved an
x-coordinate of 2.35m for Follower C3 at t = 12 s, which was
the closest to the desired value of 2.4 m. In contrast, the GNN
model yielded an x-coordinate of 1.69 m, representing the largest
error. Throughout the task execution, as visually illustrated in
Fig. 16, the AP-FTZND model demonstrated the fastest error
convergence and the highest convergence accuracy, followed
by the OZND model. The GNN model exhibited the poorest
performance.

In conclusion, we have validated the feasibility and superiority
of using the AP-FTZND model to solve the multiple CLRs
position management task. This method enables precise position
management of multiple intelligent vehicles within a short time
frame. The link to the physical experiment video is as follows:
https://youtu.be/29fOyscJGAs.


https://youtu.be/29fOyscJGAs







