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Abstract—Over the past decade, polar codes have received
significant attraction and have been selected as the coding
method for the control channel in fifth-generation (5G) wireless
communication systems. However, conventional polar codes are
reliant solely on binary (2 × 2) kernels, which restricts their
block length to being only powers of 2. In response, multi-kernel
(MK) polar codes have been proposed as a viable solution to
achieve increased flexibility in code length. This paper proposes
unrolled and pipelined architectures for encoding both systematic
and non-systematic MK polar codes, capable of high-throughput
encoding of codes constructed with binary, ternary (3 × 3),
or binary-ternary mixed kernels. Furthermore, two novel non-
systematic stage-folded encoders, designed to minimize resource
usage, have been introduced for the encoding of pure-ternary
and MK codes. The proposed MK encoders additionally provide
the functionality of dynamic kernel assignment. The proposed
architectures exhibits an unprecedented level of flexibility by
supporting 83 different codes and offering various architectures
that provide trade-offs between throughput and resource con-
sumption. The FPGA implementation results demonstrate that
a partially-pipelined polar encoder of size N = 4096 operating
at a frequency of 270 MHz gives a throughput of 1080 Gbps.
Additionally, a new compiler scripted in Python is introduced to
automatically generate HDL modules for the desired encoders.
By inserting the desired parameters, a designer can simply obtain
all the necessary VHDL files for FPGA implementation.

Index Terms—Error-correcting codes, unrolled, pipeline, stage-
folded, hardware implementation, multi-kernel, polar code, polar
compiler, polar encoder, successive-cancellation.

I. INTRODUCTION

ARIKAN [1] introduced polar codes as a class of error-
correcting codes capable of achieving the symmetric

channel capacity of a binary-input discrete memoryless chan-
nel (BIDMC) as the code length grows towards infinity. This is
achieved through the use of a recursive construction technique,
wherein a polar code with size N = 2n can be generated by
taking the nth Kronecker power of a binary matrix referred to
as Arıkan’s kernel. By applying this construction, the physical
channel undergoes a transformation into N virtual synthetic
channels, with their reliability tending towards either zero or
infinity with the growth of the code length.

Arıkan in [1] also demonstrated that polar codes could
achieve the capacity of symmetric channels when utilizing
the successive cancellation (SC) decoding algorithm. Since
then, researchers have been heavily invested in improving
polar codes of restricted size, focusing on parameters such
as decoding latency under SC, complexity, power, and error-
correction performance. The introduction of successive can-

cellation list (SCL) decoding [2], coupled with cyclic re-
dundancy check (CRC) [3], has significantly enhanced the
error-correction performance of polar codes, allowing them
to compete favorably with other channel coding techniques,
such as low-density parity-check (LDPC) codes. These efforts
have paved the way for the adoption of polar codes in the
3rd generation partnership project (3GPP) fifth-generation new
radio (5G-NR) wireless communication standard [4].

Extensive research has been conducted on hardware im-
plementations of polar encoders to cater to diverse applica-
tion demands. In particular, both feed-forward and feed-back
pipelined polar encoders have been proposed in [5]. A more
comprehensive pipelined encoder architecture that can be used
for any code length or parallelism level is presented in [6].
This architecture leverages the recursive nature of polar codes,
enabling it to be utilized for any code length or parallelism
level, thus offering greater flexibility and versatility in practical
applications. A folded pipelined encoder is introduced in [7].
Building on [7], a pruned folded encoder was developed in
[8] to achieve higher throughput while reducing complexity.
However, the fixed code lengths of 256 and 1024 have limited
its applicability. Rather than changing the parallelism level
of the encoder, [6], [7], [9] employed different radices for
encoding reconfiguration. Additionally, first-in first-out (FIFO)
modules and pipeline registers were utilized to reduce the
critical path of the proposed polar encoder, which enabled high
clock frequency and throughput at the expense of higher power
consumption [10]. Along with three stage-folded encoders,
[11] presents a polar compiler that automatically generates
hardware descriptions for pipelined or stage-folded polar en-
coders.

Despite the significant progress made in the development
of polar encoders, the current research has primarily con-
centrated on codes constructed by 2 × 2 polarization matrix
[1], which limits the block length of polar codes to powers
of 2. As a result, polar codes constructed using Arıkan’s
kernel are not capable of addressing all code lengths and
rates that are required in modern communication systems
beyond 5G networks and LDPC WiMAX [12]. The binary
Kronecker product has been employed to achieve polarization
phenomenon and can be extended to other kernels. The ternary
kernel (3×3) is of particular interest due to its low complexity
and optimal polarization properties. Multi-kernel (MK) polar
codes, which utilize kernels of different dimensions, have
leveraged this technique to provide flexible code lengths,
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making them suitable for modern communication systems.
Several MK decoders have been proposed recently [13]–[17].
Nevertheless, to date, research in this field has not addressed
the need for hardware architectures for encoding of MK codes,
leaving an important gap in the state-of-the-art.

This paper aims to accomplish two key objectives. The
primary goal is to present the first-ever systematic and non-
systematic hardware architectures for MK encoders. The sec-
ondary objective is to introduce the cutting-edge SC-based
high-throughput or resource-efficient architectures for polar
encoders. To enhance the MK encoder’s throughput, we
have employed unrolling and pipelining techniques, yielding
hardware frameworks that achieve throughput rates exceeding
hundreds of Gbps, a notable advancement from current state-
of-the-art solutions. In fact, our achievement represents a
remarkable improvement of one to two orders of magnitude in
throughput. Additionally, we propose two novel pure-ternary
and MK stage-folded encoders that require minimal resource
utilization while achieving a lower throughput compared to
unrolled and pipelined architectures. Notably, the proposed
MK encoder features the capability for online kernel as-
signment. This paper covers a variety of architectures that
provide flexible trade-offs between throughput and resource
consumption, offering a range of customization options.

Further, a Python-based hardware compiler is proposed that
effortlessly generates and exports all the necessary VHDL
files required for the FPGA implementation of the proposed
encoders. The idea stems from the fact that altering the block
length or kernel ordering dictates modifying all the VHDL
modules and the wrapper. However, by entering the necessary
parameters to the proposed compiler, all VHDL files will
be modified and exported accordingly. Furthermore, in case
the user does not specify the kernel ordering, the proposed
compiler is capable of calculating the kernel ordering that
yields the highest error-correction performance by maximizing
the minimum distance based on the method proposed in [18].
The compiler is equipped with the capability to optimize
the number of pipeline stages, thereby achieving maximum
throughput.

The remainder of this paper are structured as follows.
In Section II, we provide a comprehensive background on
Arıkan’s and MK polar codes, and explicate the polarization
performance of various ternary matrices. Section III details the
proposed architectures of both systematic and non-systematic
MK encoders, while also providing a complexity analysis. This
section also presents a comprehensive exposition of the pro-
posed compiler. In Section IV, we present the implementation
results and a comparison with the cutting-edge research in the
field. Finally, Section V concludes this work.

II. PRELIMINARIES

In this section, alongside offering a comprehensive overview
of Arıkan’s and MK polar codes, we present code construc-
tion techniques and the encoding process for Arıkan’s, pure-
ternary, and MK polar codes. Moreover, we provide a detailed
discussion concerning various ternary polarization matrices
and their polarization performance.

A. Arıkan’s Polar Codes

The symbol PC(N,K) represents a polar code with a
size of N = 2n and K bits of information. The code
rate can be computed as R = K/N . Arıkan proved the
phenomenon of channel polarization for binary polar codes
in [1]. This phenomenon provides the ability to convert a
physical communication channel, denoted as W , into a set
of N distinct virtual channels W N

i , where 0 ≤ i < N . Each
virtual channel possesses a unique level of reliability. As N
approaches infinity, the reliability of each virtual channel tends
towards either perfect reliability (1) or perfect unreliability
(0). To determine which virtual channels are reliable, we
can use either the Bhattacharya parameters [1], or Gaussian
approximation [19]. The collection of K most reliable bit
positions is referred to as the information set, designated by
the symbol I , whereas the remaining N − K bit positions
constitute the frozen set, denoted by the symbol F . A value
of zero is assigned to the frozen bits.

Polar codes can be constructed using a linear transformation
expressed as x = u · G, where x represents the encoded
stream, u is an N -bit input vector to the encoder, and G is
a squared generator matrix. The input vector u is comprised
of reliable and unreliable positions, where the message and
frozen data are inserted, respectively. The generator matrix
G = T
n2 is formed by taking the n-th Kronecker product
(denoted by ⊗) of the Arıkan’s kernel, denoted as

T 2 =

�
1 0
1 1

�
. (1)

It should be noted that G is constructed recursively, which
enables the concatenation of two codes of size N/2 to form
a polar code of size N . The encoded stream within a binary
node at level λ (βbλ), wherein Nλ = 2λ, can be determined
by

[βbλ
i , βbλ

i+
N�

2

] = [βbl
i ⊕ βbr

i , βbr
i ], (2)

where i ∈ [0, N�
2 − 1], and ⊕ represents XOR operation. The

variables βbl
i and βbr

i denote the data located in the left and
right halves of the lower level (λ− 1).

B. MK Polar Codes

By limiting the generator matrix to the T2 kernel, the block
lengths of larger codes are restricted to powers of 2. However,
to meet the requirements of potential use cases such as the 5G-
NR wireless communication standard [4] and LDPC WiMAX
[12], code lengths constructed by kernels other than T2 are
necessary. By incorporating one or a few non-Arıkan kernels,
we can obtain most of the desired code lengths desired by
such standards. To construct a generator matrix for a code
with size N = l0 × l1 × . . . × ls, we can use a series of
Kronecker products between different kernels as

G ≜ T l0 ⊗ T l1 ⊗ . . .⊗ T ls . (3)

The variables denoted by li (0 ≤ i ≤ s) are assumed to
be prime numbers for the sake of simplicity, notwithstanding
the possibility that they may be identical. Meanwhile, T lis
represent square matrices. Each unique prime number can
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Fig. 1. The Tanner graph of a MK polar code of size N = 6 using a) G1 = T 2 
 T 3 and b) G2 = T 3 
 T 2.

serve as a dimension for a kernel. However, the simplest and
most appealing non-Arıkan kernel is the ternary kernel, which
can be constructed using three different polarizing matrices
[20], as

T 1
3 =

241 0 0
1 1 0
0 0 1

35 , T 2
3 =

241 0 0
1 1 0
1 0 1

35 , T 3
3 =

241 0 0
0 1 0
1 1 1

35 .

(4)
The encoded sequence in a ternary node at level λ (βtλ),
wherein Nλ = 3λ, can be determined by

[βtλ
i , βtλ

i+
N�

3

, βtλ

i+
2N�

3

] = [βtl
i ⊕ βtc

i , βtl
i ⊕ βtr

i , βtl
i ⊕ βtc

i ⊕ βtr
i ],

(5)
where i ∈ [0, N�

3 −1], and the variables βtl
i , βtc

i , and βtr
i refer

to the data residing in the left, middle, and right partitions of
the lower level (λ− 1), respectively.

In this paper, the codes that are composed of either binary
or ternary kernels or a combination of the two will be
investigated. This implies that the codes we examine may
fall under the category of pure-binary (Arıkan’s), pure-ternary,
or binary-ternary mixed polar codes. The MK codes of this
paper have a block length expressed as N = 2n · 3m, where
n and m are natural numbers and 0 ≤ i ≤ n + m − 1.
The generator matrix is given by G = ⊗n+m�1

i=0 T li . For
instance, let us consider the basic MK polar code of size
N = 6. There exist two distinct kernel sequences, namely
G1 = T 2 ⊗ T 3 and G2 = T 3 ⊗ T 2, leading to two different
generator matrices. This occurs because the Kronecker product
is non-commutative. Therefore, unique polar codes with differ-
ent performance characteristics are formed depending on the
kernel orderings. Fig. 1 presents the Tanner graphs of the MK
code of size N = 6 corresponding to two generator matrices
of G1 and G2.

C. Comparison of Different Ternary Constituent Matrices and
Measure of Polarization Performance

It is shown in [20] that all polarization matrices can be
classified into three distinct categories, each of which serves to
identify the positions of information and frozen bits. Moreover,
there exist specific matrices that exhibit identical unordered
Bhattacharyya parameters. Thus it is rational to group them
together within the same classification. An overview of these
three classifications corresponding to the matrices presented
in (4) is provided in Table I.

TABLE I
CLASSIFICATION OF UNORDERED BHATTACHARYYA PARAMETERS FOR

TERNARY MATRICES

Formula Bhattacharyya parameters
Ft

1 � �2 ��2 + 2�
Ft

2 �2 ��3 + 2�2 �3 � 3�2 + 3�
Ft

3 �3 ��2 + 2� ��3 + �2 + �

In [21], utilizing the channel-dependent rule parameter is
proposed to characterize the polarization performance. Con-
sidering (F 0l) as an l× l polarizing matrix and W i

l as the i-th
virtual channel (0 ≤ i < l), the initial measure can be defined
as

M 0(F l) = Σl�1
i=0Z(W i

l )[1− Z(W i
l )]. (6)

From this equation, it can be inferred that a smaller
M 0(F l) indicates better polarization performance. The term
Σl�1

i=0Z(W i
l ) = l · Z(W ) remains constant for any l × l

polarizing matrix. Therefore, Eq. 6 can be reformulated as

M(F l) = Σl�1
i=0Z2(W i

l ), (7)

where M(F l) is defined as a measure of polarization perfor-
mance of a desired l × l polarizing matrix. The higher value
of M(F l) corresponds to an improved degree of polarization.
The measure of classification for binary, and three distinct
ternary matrices of Table I can be computed as

M(F b
1) =

1

2
(2ϵ4 − 4ϵ3 + 4ϵ2), (8)

M(F t
1) =

1

3
(2ϵ4 − 4ϵ3 + 5ϵ2), (9)

M(F t
2) =

1

3
(2ϵ6 − 10ϵ5 + 20ϵ4 − 18ϵ3 + 9ϵ2), (10)

M(F t
3) =

1

3
(2ϵ6 − 2ϵ5 − 2ϵ3 + 5ϵ2). (11)

Equations (8)-(11) are compared in Fig. 2. It is evident that F t
1

displays the poorest performance, while F t
2 and F t

3 exhibit
superior results compared to F b

1. Additionally, it is notable
that for values of ϵ ∈ (0, 0.5), F t

2 demonstrates the most out-
standing performance, whereas for values of ϵ ∈ (0.5, 1), F t

3

yields the highest performance. Ternary polarizing matrices
can also be compared based on error and scaling exponents
[22], [23]. Fig. 3 compares the error-correction performance
of PC(48, 24) and PC(72, 36), each constructed using F t

1,
F t

2 and F t
3. It can be seen that F t

1 demonstrates the weakest
performance compared to F t

2 and F t
3. Notably, F t

2 and F t
3
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Fig. 2. Measure of normalized polarization performance for different erasure
probabilities.

Fig. 3. Comparison of the error-correction performance between two MK
polar codes, PC(48; 24) and PC(72; 36), constructed using F t

1, F t
2 and

F t
3, alongside punctured and shortened codes of identical specifications.

exhibit comparable performance levels. This conclusion is also
supported by the data presented in Fig. 2.

In this paper, we employ F t
3 formula, corresponding to the

previously mentioned T 3
3, for calculating the Bhattacharyya

parameters of ternary kernels.
The symmetric channel capacity of multiple pure-binary,

pure-ternary, and MK polar codes over an erasure channel
with an erasure probability of ϵ = 0.5 is depicted in Fig.
4. Obviously, the behavior of pure-ternary and MK codes is
similar to that of Arıkan’s codes, albeit with a potentially lower
degree of polarization performance. It can be seen that as the
indices become smaller, the symmetric capacity approaches
zero, whereas for larger indices, it approaches one. However,
an unpredictable pattern can be noticed for indices within the
intermediate range.

D. MK versus Punctured/Shortened Polar Codes

The error-correction performance of two MK polar codes
is depicted in Fig. 3. One code has a size of N = 72 with a

generator matrix G = T 3 ⊗ T 2 ⊗ T 2 ⊗ T 2 ⊗ T 3, while the
other, with a size of N = 48, has a generator matrix G =
T 3 ⊗T 2 ⊗T 2 ⊗T 2 ⊗T 2. The rate for both codes is selected
as R = 1/2, and their kernel orderings are determined using
the method proposed in [24]. Our simulations utilize binary
phase-shift keying (BPSK) modulation over an additive white
Gaussian noise (AWGN) channel. The observed trend suggests
that the MK codes outperform the punctured and shortened
codes, which are derived from a mother code of size N 072 =
128 and N 048 = 64, respectively.

In terms of complexity, MK codes exhibit significantly
lower complexity when compared to puncturing and shorten-
ing methods. This is attributed to the smaller size of the Tanner
graph in MK polar codes compared to methods utilizing a
mother code of size N 0 = 2dlog2 Ne. The complexity of
punctured and shortened codes is influenced by the size of
the mother code, and a metric for complexity can be defined
as the total number of LLR computations required in each
method. As an illustration, consider a code of size N = 36,
where puncturing and shortening methods need to utilize a
mother code of N 0 = 64. With MK codes, the required LLR
computation is 62.5% lower in comparison.

E. Basic Building Blocks of Binary and Ternary Encoders
Fig. 5 depicts the processing elements (PEs) utilized by

Arıkan’s and pure-ternary polar encoders. These PEs corre-
spond to polar codes of sizes N = 2 and N = 3, respectively.
The propagation delay of Arıkan’s and ternary PEs can be
denoted as tbpd and ttpd, respectively. By considering the
propagation delay of an XOR gate as tXOR

pd , the tbpd and ttpd
can be estimated as

tbpd = tXOR
pd , ttpd = 2 · tXOR

pd . (12)

Hence, it can be observed that the propagation delay of the
ternary PE is twice as long as that of the Arıkan’s PE. In other
words, mathematically expressed as

ttpd = 2 · tbpd. (13)

F. Systematic MK Encodes
The conventional form of polar codes is non-systematic,

which means that the information bits are not directly acces-
sible in the encoded codeword. As a result, to retrieve the
information bits, a bit-reversal operation is required, which
can increase the decoding complexity and introduce additional
processing delay. On the other hand, systematic polar codes, as
described in [25], include the information bits as an integral
part of the codeword, thereby eliminating the need for bit-
reversal operations. The systematic polar codes offer simpler
decoding, improved error-correction performance (as shown in
[25]), and compatibility with legacy systems.

III. THE PROPOSED ARCHITECTURES OF MK POLAR
ENCODERS

As previously noted, the performance of a MK encoder is
highly dependent on the kernel ordering, and constantly chang-
ing it can lead to sub-optimal encoding performance. Further-
more, the Kronecker product represents a non-commutative
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Fig. 4. Symmetric capacity versus channel index of different pure-binary, pure-ternary, and MK codes with � = 0:5.
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Fig. 5. The basic PEs of (a) Arıkan’s and (b) pure-ternary encoders corresponding to polar codes of sizes N = 2 and N = 3, respectively.

operation, which complicates the design of a generalized semi-
parallel MK encoder capable of handling a dynamically chang-
ing kernel order. This task is exceptionally challenging due to
the complexity inherent in non-commutative operations. Since
the SC algorithm does not include any loops, it is possible to
develop an unrolled architecture that does not require memory
elements between the input and output stages. In light of
these considerations and our primary objective of achieving
high-throughput, we propose utilizing unrolled architecture
for MK encoders. Moreover, the encoder’s throughput can be
further enhanced by implementing pipelining at any depth.
Additionally, in response to the demand for resource-efficient
architectures, we introduce novel non-systematic pure-ternary
and MK stage-folded encoder designs.

This section provides an overview of the proposed architec-
tures for both non-systematic and systematic binary-ternary
mixed polar codes, along with a description of the memory
architecture utilized in the proposed encoders.

A. Non-Systematic Unrolled Combinational MK Architecture

As shown in Fig. 6, the utilization of two stages of Arıkan’s
PE (indicated by dashed boxes) can construct a non-systematic
encoder for a polar code of size N = 4. By applying this
approach recursively, we can extend the encoder to a larger
size of N = 2n by utilizing n consecutive stages of Arıkan’s
PE (PE2 as illustrated in Fig. 5 (a)). The recursive architecture
of the pure-combinational non-systematic Arıkan’s encoder
of size N is illustrated in Fig. 7. Following the same
methodology as Arıkan’s encoder, it is possible to construct
a pure-ternary non-systematic encoder of size N = 3m in
a recursive manner, exploiting m consecutive stages of the
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Binary stageBinary stage

Fig. 6. The pure-combinational non-systematic Arıkan’s encoder of size N =
4.

...

PE2

Encoder
N/2

N/4
Encoder

N/2

In
pu

tR
eg

is
te

rs
 (N

)

O
ut

pu
tR

eg
is

te
rs

 (N
)

2
PE2

N

...

PE2

PE2

PE2

PE2

2

Encoder
N=4

Encoder
N=4

Encoder
N=4

4

Encoder
N

N/2

...

...

...

...

...

Fig. 7. The pure-combinational non-systematic Arıkan’s encoder of size N .

ternary PE (PE3 as illustrated in Fig. 5 (b)). The overall
recursive architecture of such encoders is depicted in Fig. 8.
By using both Arıkan’s and ternary PEs, we can construct
an architecture for a MK polar code of size N = 2n · 3m.
The pure-combinational architecture of a non-systematic polar
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Fig. 9. The pure-combinational non-systematic MK encoder of size N = 6
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 T 3.

encoder of size N = 6, with kernel ordering of G = T 2⊗T 3,
is portrayed in Fig. 9.

The proposed architectures contains two sets of registers,
each with a size of N bits, which serve to store the input
data (N bits) and the encoded codeword (N bits). A close
inspection of Fig. 7 and Fig. 8 reveal that the non-systematic
combinational encoders, regardless of their kernel orderings,
lack any synchronous logic components, such as registers or
RAM arrays between the input and output registers. This char-
acteristic of combinational encoders results in higher power
and processing time efficiency. Furthermore, the absence of
RAM routers reduces hardware complexity and eliminates
long read/write latencies. The combinational encoder’s latency
is limited to one clock cycle as it generates the estimated
codeword in a single long clock cycle after accepting the
input stream. Therefore, the logic circuitry between the input
and output registers determines the overall critical path of the
system.

B. Systematic Unrolled Combinational MK Architecture

A systematic encoder of size N can be constructed by
connecting two non-systematic encoders of the same size with
a zeroing operation applied to the frozen positions between
them. For instance, Fig. 10 displays a systematic encoder of a
code of size N = 12 that carries K = 6 bits of information.
This approach allows any advancements in non-systematic
polar code encoding to be directly applied to systematic
encoding. Therefore, in the case of a systematic encoder,

one can anticipate a greater degree of latency and resource
utilization, coupled with a lower throughput when compared
to its non-systematic counterpart.

The overall architecture of the MK unrolled combinational
systematic encoder of this paper with a size of N is depicted
in Fig. 11. As can be seen, the encoder is sandwiched between
two sets of registers, each with a size of N . These registers
serve to load the next codeword and also to offload the
earlier encoded codeword. In the system, a zeroing operation
is performed on the frozen positions situated between two
consecutive non-systematic encoders.

C. MK Pipelined Encoders
The unrolled combinational architectures (systematic and

non-systematic) exhibit limited throughput, constraining their
efficiency in high-throughput real-world applications. In con-
trast, the feed-forward pipelined architecture offers a more
suitable solution. In a pipelined encoder, memory usage signif-
icantly increases to preserve data, with input and output mem-
ories similar to combinational encoders. Memory usage scales
by a factor of N with each added pipeline stage. Despite the
increased memory demand, the pipelined encoder can operate
at a higher clock frequency, and pipeline depth is adjustable.
A MK encoder is deeply-pipelined with P = (n + m + 1)
stages, while a partially-pipelined encoder, defined in this
paper, has 2 < P < (n + m + 1) pipeline stages. This
means deeply-pipelined encoders add a pipeline stage after
each encoder stage, while partially-pipelined encoders use an
intermediate number of pipeline stages within the specified
range. Therefore, when designing a pipelined encoder, it is
important to consider the trade-off between memory usage and
clock frequency. Typically, in pipelined encoders, the number
of frames being encoded at any cycle equals the number of
pipeline stages plus one (P + 1).

When designing pipelined encoders, it is crucial to consider
that the combinational logic delay between every pair of
pipeline stages must be twice the register’s delay or more
for optimal performance. As a general rule, we propose
to incorporate a minimum of two XOR gates, where the
propagation delay is calculated as twice the XOR gate’s
individual propagation delay (tpd = 2 · tXOR

pd ), between a pair
of pipeline stages. This condition is inherently fulfilled in the
ternary stages, as the minimum propagation delay corresponds
to the delay of two XOR gates, as stated in equation (12).
However, in the case of Arıkan’s stages, it is necessary to
concatenate a minimum of two stages consecutively to comply
with this criterion. Based on the results obtained from our
simulation, we have observed that a polar code with a deep
pipeline architecture, having P = 9 and N = 1024, delivers
an equivalent throughput compared to its counterpart that
employs a pipeline of P = 4 stages. It is worth noting that the
former architecture requires twice the resources of the latter.

In the case of systematic encoders, a specific approach to
pipelining involves the incorporation of a pipeline stage at
the interface between the two non-systematic encoders. The
architecture depicted in Fig. 12 exhibits an admirable feature,
wherein its throughput is approximately equal to that of its
non-systematic counterpart.
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Fig. 10. The Tanner graph of a systematic MK polar code of PC(12; 6) using G1 = T 2 
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N

In
pu

tR
eg

is
te

rs
 (N

)

O
ut

pu
tR

eg
is

te
rs

 (N
)

Encoder
N

N
Encoder

N

N

Zeroing
operation Pi

pe
lin

e
R

eg
is

te
rs

 (N
)

N
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of size N with a pipeline stage at the stage boundaries.

D. Stage-Folded Architecture for MK Encoders

In this section, the objective is to introduce encoders that
require minimal resource utilization while achieving a lower
throughput compared to unrolled and pipelined architectures.
To achieve this objective, we commence by presenting an
important modification to Arıkan’s stage-folded encoder, as
initially proposed in [11]. Further, the current state-of-the-art
research lacks the presence of both pure-ternary and MK
stage-folded polar encoders. To address this need, we propose
two stage-folded encoder architectures: One designed for the
encoding of pure-ternary codes and another tailored for MK
encoding of polar codes.

1) Arıkan’s Stage-Folded Encoders: In [11], an Arıkan’s
stage-folded encoder for polar codes, referred to as the ”polar
encoder: type III”, is introduced. This architecture can reduce
the quantity of logic resources utilized, albeit at the expense of
a reduction in throughput. It considers the number of utilized
combinational stages in an encoder of size N = 2n as H ,
where 1 ≤ H < n. As a result, the output port may not be
positioned at the far-right side, however, in certain cases, at
the junction within the middle stages. There are two downsides
to having a floating output port. First, it necessitates a more

complex control circuitry to compute the location of the output
stage. Second, having a fan-out prior to registers can give
rise to glitches and other signal integrity issues along with
timing problems. To mitigate this issue, we propose imposing
a constraint on the value of H , where it should fall within the
range of 1 ≤ H < n and n/H ∈ N. This approach serves
to simplify the control circuit, and ensure that the output can
always be a fan-out of the output registers. By applying the
proposed constraint, we can reformulate the latency (Lbsf

N ) and
throughput (T bsf

N ) equations as follows:

Lbsf
N =

n

H · f
, (14)

T bsf
N =

N ·H · f
n

, (15)

where f is the clock frequency of the encoder. It can be
understood that a larger parameter H , leads to reduced latency
and increased throughput. This statement arises from the fact
that a greater value of H prompts the encoder to operate in a
manner that closely resembles fully parallel encoders.

Finally, it should be noted that suboptimal choices of the
parameter H can result in increased XOR gate usage without
any improvement in throughput and latency compared to other
options. For instance, when comparing two possible values,
h1 and h2, if h1 < h2 but yields the same performance, it is
considered a poor choice due to its higher area complexity.

Through the utilization of the proposed alteration in the
Arıkan’s stage-folded encoder, the control circuit can be
simply implemented by implementing a counter with a size of
⌈log2(n/H)⌉ and an intermediary logic circuit. Consequently,
this approach will lead to the loading of a new input when
all the bits of the counter are set to one. Simultaneously, the
output becomes valid and can be read within the same clock
cycle.

2) Pure-Ternary Stage-Folded Encoders: The number of
utilized combinational stages in a pure-ternary encoder of
size N = 3m can be reduced to H stages, where H needs
to be in the range of 1 ≤ H < m and m/H ∈ N. The
proposed architecture of a pure-ternary stage-folded encoder
of size N = 9 with H = 1 is illustrated in Fig. 13. Each data
item follows its dedicated path for the encoding process. The
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Fig. 13. The overall architecture of the proposed pure-ternary stage-folded
encoder of size N = 9 and H = 1.

control circuit can be implemented by employing a counter
of size ⌈log2(m/H)⌉ and incorporating intermediate logic
cicuitry. As a result, this approach facilitates loading of a
new input when all bits of the counter are set to one, and the
output becomes valid, allowing for concurrent reading within
the same clock cycle.

The proposed architecture consumes N 2-to-1 multiplexers,
N ·H/3 ternary kernels, as depicted in Fig. 5 (b), and a set
of N registers. To encode a data stream using the proposed
architecture, it requires m/H clock cycles. The latency (Ltsf

N )
and throughput (T tsf

N ) of the proposed pure-ternary encoder,
utilized in encoding a code of size N at a clock frequency of
f , can be computed as

Ltsf
N =

m

H · f
, (16)

T tsf
N =

N ·H · f
m

. (17)

Hence, the latency and throughput of the encoder illustrated
in Fig. 13 can be determined as Ltsf

9 = 3/f and T tsf
9 = 3f ,

respectively. Similar to the Arıkan’s stage-folded encoder,
the selection of the parameter H plays a critical role in
preventing unnecessary consumption of logic resources.
Employing H = 3 for the encoder of Fig. 13 leads to the
creation of an unrolled combinational encoder.

3) MK Stage-Folded Encoders: Similar to the Arıkan’s and
pure-ternary stage-folded encoders, it is possible to curtail the
count of employed combinational stages in a MK encoder,
designed to encode a code of size N = 2n · 3m, to just H
stages. In MK stage-folded encoders, the parameter H should
satisfy two constraints: 1 ≤ H < n+m and (n+m)/H ∈ N.

The proposed architecture of a MK stage-folded encoder
with a code size of N = 6 and H = 1 is illustrated in
Fig. 14 (a). Except for the first data item, all subsequent data
items have two data paths—one for the scenario when the
current kernel is binary and another for when it is ternary.
Consequently, this architecture allows to encode codes that
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Fig. 14. The overall architecture of the proposed MK stage-folded encoder
of size N = 6 and H = 1 (a), and a segment of it’s control circuit (b).

are constructed by mixing binary and ternary kernels. A set of
multiplexers located prior to the registers determines which
data to route to the input of the registers. The first data
item undergoes identical operations in both binary and ternary
scenarios, thereby eliminating the need for separate paths
dedicated to each encoding case.

The control signal for the left-end multiplexers, responsi-
ble for choosing between the data stream originating from
either the input or the feedback path, can be generated by
utilizing a counter with a size of ⌈log2((n+m)/H)⌉ with an
intermediary logic circuit. To ensure accurate data selection
by the multiplexers positioned prior to the register set, it is
essential to access the kernel ordering of the code. Thus, we
have considered a register set with a size of n+m to store the
kernel ordering. The loading of a new input data also presents
an opportunity to load a new kernel ordering, providing the
encoder with the capability for dynamic kernel assignment.
The values in registers corresponding to ternary stages are
set to 0, while those linked to binary kernels are set to 1.
Hence, to guarantee the precise operation of the encoder, it
is imperative to establish a connection between the relevant
bit of the kernel ordering register set and the control pin of
the right-end multiplexers, utilizing the current value of the
counter. Fig. 14 (b) showcases the control circuit employed to
handle the right-end multiplexers of Fig. 14 (a). As evident,
the counter values are utilized to select the appropriate kernel
ordering one at a time. This process involves the utilization of
an extra n+m register bits and a (n+m)-to-1 multiplexer.

This approach effectively simplifies the procedure of load-
ing a new input when all bits of the counter reach a value of
one. Additionally, it guarantees that the output becomes valid,
thus enabling concurrent reading within the same clock cycle
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as the input.
The datapath of the MK stage-folded encoder is designed

with the incorporation of a total of N · (H + 1) − H 2-to-
1 multiplexers, along with 4N · H/3 XOR gates and a set
of N registers. Utilizing this architecture for encoding a data
stream necessitates (n + m)/H clock cycles. Consequently,
the latency (LMKsf

N ) and throughput (T MKsf
N ) of the stage-

folded MK encoder, employed in encoding a code of size N
at a clock frequency of f , can be derived as follows.

LMKsf

N =
n+m

H · f
, (18)

T MKsf

N =
N ·H · f
n+m

. (19)

The latency and throughput of the encoder shown in Fig.
14 (a) can be computed as LMKsf

6 = 2/f and T MKsf
6 =

3f , respectively. All larger MK encoders, which are neither
pure-binary nor pure-ternary, include at least one binary and
one ternary kernel in their kernel sequences. Thus, it can be
inferred that all larger MK encoders can be constructed by
utilizing multiple encoders of size N = 6 and a given value
for H .

E. Complexity Analysis of MK Encoders

The complexity of the proposed polar encoder architecture
can be measured by the sum of its registers, XOR gates and
2-to-1 multiplexers, similar to [17]. All the encoders of this pa-
per, with the exception of the stage-folded encoders, are placed
between the input and output registers. With the assumption
of using P pipeline stages, a non-systematic encoder of size
N will utilize rbN = (P + 2) ·N registers.

Now, Let’s assume that a non-systematic Arıkan’s encoder
of size N consumes M b

N XOR gates. From the recursive nature
of the SC algorithm, it can be inferred that

M b
N = 2M b

N
2
+

N

2
= 2(2M b

N
4
+

N

4
) +

N

2
= . . . . (20)

By initializing equation (20) with M2 = 1, the total number of
XOR gates used in the encoder can be precisely calculated as
N
2 log2 N . As a result, the total number of basic logic blocks

with comparable complexity can be estimated as follows.

M b
N + rbN = N · (1

2
log2 N + P + 2). (21)

This proves that he complexity of a non-systematic pure-
combinational architecture with input and output registers falls
within the order of N · log2 N .

In the case of non-systematic pure-ternary encoders, the
total number of required XOR gates can be calculated as
bellows.

M t
N = 3M t

N
3
+

4N

3
= 3(3M t

N
9
+

4N

9
) +

4N

3
= . . . . (22)

Knowing that the number of XOR gates used in a ternary
encoder of size N = 3 is M t

3 = 4, the exact solution of
equation (22) is 4N

3 log3 N . Thus, the total number of the
basic logic blocks of a non-systematic pure-ternary encoder
can be given by

M t
N + rtN = N · (4

3
log3 N + P + 2), (23)

which verifies that the complexity of a pure combinational
ternary encoder is in the order of N · log3 N .

When comparing non-systematic Arıkan’s polar codes with
similar block lengths to pure-ternary codes, such as N b =
2048 and N t = 2187, it becomes apparent that Arıkan’s codes
have lower complexity. This is because ternary codes have
more complex encoding rules than Arıkan’s codes. The com-
plexity of the non-systematic MK encoders (OMK

N ) proposed
in this paper, with Nmin = 2 and Nmax = 32768, falls within
the lower bound of N ·( 1

2 log2 N+P+2) and the upper bound
of N · ( 4

3 log3 N + P + 2), i.e.

N ·(1
2
log2 N+P+2) ≤ OMK

N ≤ N ·(4
3
log3 N+P+2). (24)

It is worth noting that it is not possible to derive a general
equation for the complexity analysis of the MK encoders
because it directly depends on the number and order of various
kernels in the kernel sequence.

In the case of systematic encoders, the complexity can be
determined through the same methodology. The complexity of
a systematic combinational Arıkan’s encoder can be computed
as

M bs
N + rbsN = N · (log2 N + 2P + 3). (25)

Furthermore, it can be easily proved that the complexity
of a systematic combinational pure-ternary encoder can be
calculated using the following equation.

M ts
N + rtsN = N · (8

3
log3 N + 2P + 3). (26)

Moreover, the complexity of a systematic MK encoder, which
has a size of N and satisfies the condition Nmin = 2 and
Nmax = 32768, lies within the lower bound of N · (log2 N +
2P + 3) and the upper bound of N · ( 8

3 log3 N + 2P + 3).
In other words, the complexity of a systematic MK encoder
(OMKs

N ) can be expressed mathematically as follows.

N · (log2 N +2P +3) ≤ OMKs
N ≤ N · (8

3
log3 N +2P +3).

(27)
In addition, the complexity of the stage-folded pure-binary

(Obsf
N ), pure-ternary (Otsf

N ) and MK (OMKsf
N ) encoders can

be determined by summing the count of registers, XOR gates,
and 2-to-1 multiplexers. In the case of the MK encoder, we
make the assumption that a multiplexer with a size of (n+m)-
to-1 is constructed by (n + m)/2 2-to-1 multiplexers. The
complexity equations can be demonstrated simply as bellows.

Obsf
N = N · (H

2
+ 2) + ⌈log2(n/H)⌉, (28)

Otsf
N = N · (H + 2) + ⌈log2(m/H)⌉, (29)

OMKsf

N = N ·(7
3
H+2)+⌈log2((n+m)/H)⌉+3

2
(n+m)−H−1.

(30)

F. Automatic Process of Generating HDL Files of Combina-
tional Polar Encoders

This paper proposes an automatic hardware generator to
expedite the development process of MK encoders, as altering
either the architecture or the code characteristics necessitates
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Fig. 15. Auto-generation of hardware architectures for target polar encoders.

Fig. 16. The error-correction capabilities of PC(144; 72), constructed using
the methods described in [24] (referred to as MK-SCL) and [18] (referred to
as MK-SCL-MD).

updating all the HDL sources. The proposed compiler [26],
scripted in Python, employs multiple functions that correspond
to different architectures with user-specified parameters. It
employs predefined rules to call relevant functions and fa-
cilitate the process of compilation. The functions obtain their
inputs from the compiler’s top module and generate the desired
VHDL files as output. In general, the process of compilation
displays certain similarities to the HLS flow as shown in Fig.
15.

To use this tool, the user only needs to provide the block
length, the intended configuration of hardware architecture
and, if desired, a preferred kernel ordering for the target
polar encoder. If a kernel order is not specified, the compiler
automatically optimizes the kernel ordering to maximize error-
correction performance, employing the method proposed in
[18]. The code construction proposed in [18] is based on the
maximization of the minimum distance. It has been proved in
[18] that the minimum-distance spectrum of the transformation
matrix of a MK polar code can be determined using the
Kronecker product of the spectra of its constituent kernels.
This constructive approach inherently suggests a greedy algo-
rithm for developing MK polar codes that attains the optimal
minimum distance [18]. Fig. 16 illustrates a comparison of
the error-correction performance between the methods pre-
sented by [18] and [24]. The results demonstrate that the
method proposed by [18] exhibits superior error-correction
performance. The compiler also incorporates an optimization
technique aimed at refining the count of pipeline stages. In
case the user does not assign the number of the pipeline
stages, the compiler calculates the overall gate delay between
kernels. Subsequently, it autonomously optimizes the encoders
to achieve maximum throughput using the guidelines stated in
Section III-C.

Algorithm 1 provides a comprehensive and detailed depic-
tion of the software’s execution sequence, offering a clear and
concise understanding of the underlying concept behind the
execution process. In Algorithm 1, below notations are used.
• sys: Systematic encoder indicator
• Tc: CPU’s elapsed time
• N tmp: Temporary block length
• stg fld: Stage-folded encoder indicator
• stg fld type: Stage-folded encoder type indicator with
0, 1, and 2 indicating binary, ternary, and MK encoding,
respectively
• pip: Pipelined encoder indicator
• pip depth: Pipeline depth
• pip bndry: The stage boundaries piplining indicator
• ker order: The kernel ordering
• NPS: Specifies the size of codes that require pipeline stages.
• PE2 func(.): Exports the Arıkan’s PE module
• PE3 func(.): Exports the ternary PE module
• Pip2 func(.): Exports the pipelined Arıkan’s sub-module
for a code of size N tmp
• Comb2 func(.): Exports the combinational Arıkan’s sub-
module for a code of size N tmp
• Pip3 func(.): Exports the pipelined ternary sub-module for
a code of size N tmp
• Comb3 func(.): Exports the combinational ternary sub-
module for a code of size N tmp
• Comb reg func(.): Exports the top level module in non-
systematic encoders containing input and output registers
• Comb sys reg func(.): Exports the top level module in
systematic encoders containing input and output registers
• Pip sys reg func(.): Exports the top level module in
systematic encoders containing registers in input, output and
stage boundaries
• stg fld bin func(.): Exports the Arıkan’s stage-folded
encoder
• stg fld ter func(.): Exports the pure-ternary stage-folded
encoder
• stg fld MK func(.): Exports the MK stage-folded encoder

It is worth emphasizing that a polar decoder compiler is
presented in [17]. The primary difference lies in the fact that
the polar decoder compiler outlined in [17] employs an entirely
different workflow for producing MK combinational decoders,
exclusively tailored to the generation of polar combinational
decoders. Conversely, the compiler featured in this study is
tailored for the purpose of constructing HDL modules for the
new encoder architectures proposed within this paper.

IV. IMPLEMENTATION RESULTS AND COMPARISON

In this paper, all polar encoders are described using
VHDL coding, while logic synthesis, technology mapping, and
place-and-route are performed for Xilinx Artix-7 XC7A200T-
2FBG676 FPGA. A software program generates random code-
words and creates packets by placing the information bits
in the most reliable bit positions, while zeroing out the rest
of the bits. The generated packets are sent to and received
from the FPGA, where the encoder is implemented, using an
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TABLE II
POST-FITTING RESULTS OF VARIOUS COMBINATIONAL NON-SYSTEMATIC AND SYSTEMATIC MK POLAR ENCODERS

Non-systematic Systematic
Block
Length Kernel Order LUTs Reg. L

(CCs)
L

(ns)
f

(MHz)
T/P

(Gbps) LUTs Reg. L
(CCs)

L
(ns)

f
(MHz)

T/P
(Gbps)

192 f3,2,2,2,2,2,2g 466 384 1 3.51 285 53.44 906 384 1 5.85 171 32.06
256 f2,2,2,2,2,2,2,2g 552 512 1 3.7 270 67.5 1115 512 1 5.68 176 44
243 f3,3,3,3,3g 641 486 1 3.7 270 64.07 1227 486 1 7.3 137 32.51
324 f2,2,3,3,3,3g 785 648 1 3.94 254 80.37 1544 648 1 8.33 120 37.9
384 f3,2,2,2,2,2,2,2g 1007 768 1 3.65 274 102.75 1991 768 1 6.62 151 56.62
576 f2,2,2,2,2,2,3,3g 1338 1152 1 4.33 231 129.94 3006 1152 1 7.94 126 70.87

1024 f2,2,2,2,2,2,2,2,2,2g 2735 2048 1 4.57 219 219 5369 2048 1 8.62 116 116

Ethernet interface. The encoded stream is then sent back to the
software for validation of the encoding. To ensure the correct
performance of each encoder, we have tested them by sending
1000 packets.

In order to enable comparison between various schemes,
we define encoding latency as the time needed to encode a
frame in both clock cycles (CCs) and seconds. The coded
throughput of MK polar codes is calculated as N.f bps.
Similar to [13], [16], [17], we utilize the approach presented
in [18] to determine the kernel ordering that yields the highest
error-correction performance of MK codes as shown in Fig.
16.

A. Performance Evaluation and Comparison
Table II presents the FPGA utilization and performance met-

rics of diverse non-systematic and systematic MK encoders,
encompassing all conceivable kernel orderings, including pure-
binary and pure-ternary codes. The utilization of look-up tables
(LUTs) in any given code is closely tied to both the quantity
and type of kernels that have been employed to build it. On
the other hand, the number of occupied registers is influenced
by the length of the code and the number of pipeline stages
that have been utilized. As previously stated, the number of
occupied registers is derived as (P + 2) · N . In terms of
encoding performance, it is noteworthy that the frequency of
both non-systematic and systematic schemes exhibits a modest
decline with an increase in code length. This is attributed to
the larger number of kernels and interconnects involved in
the process. However, the encoding performance experiences
a significant increase proportional to the length of the code. By
employing systematic encoders, the frequency and throughput
are nearly halved as we use two consecutive non-systematic
encoders.

Table III provides the post-fitting results of two system-
atic encoders after employing pipeline registers at the stage
boundaries. Obviously, the frequencies and throughputs of
this scheme bear a remarkable resemblance to those of their
non-systematic counterparts. However, the marginal decrease
in performance is attributed to the latency overhead of the
pipeline registers. The FPGA utilization and performance pa-
rameters of a polar encoder of size N = 1024, as evaluated for
various numbers of pipeline stages, are summarized in Table
IV. With the exception of the deeply-pipelined scenario, the
quantity of occupied LUTs falls within a similar range, while
the number of registers scales proportionally to the number
of pipeline stages. In the case of deeply-pipelined encoder,

TABLE III
POST-FITTING RESULTS OF TWO SYSTEMATIC MK ENCODERS AFTER

INSERTING PIPELINE REGISTERS AT STAGE BOUNDARIES.

Block
Length LUTs Reg. L

(CCs)
L

(ns)
f

(MHz)
T/P

(Gbps)
324 1603 972 2 8.55 234 74.04
1024 5402 3072 2 9.43 212 212

TABLE IV
POST-FITTING RESULTS OF VARIOUS PIPELINED MK POLAR ENCODERS

USING P PIPELINE STAGES.

Block
Length P LUTs Reg. L

(CCs)
L

(ns)
f

(MHz)
T/P

(Gbps)
1024 0 2735 2048 1 4.57 219 219
1024 1 2582 3072 2 7.3 274 274
1024 2 2051 4096 3 10.87 276 276
1024 4 2561 6144 5 17.73 282 282
1024 9 5121 11264 10 35.34 283 283

each XOR gate is sandwiched by two registers, leading to a
suboptimal utilization of the LUTs. Consequently, there is a
significant increase in the number of LUTs. When considering
frequency and throughput, it is notable that partially-pipelined
encoders wherein only certain stages incorporate registers,
operate within a closely comparable frequency range and
achieve comparable levels of throughput, thereby rendering
the partially-pipelined schemes more appealing.

The results of implementing partially-pipelined non-
systematic and systematic encoders, including pipelined
boundary stages, are shown in Table V. It is clear from
the results that by utilizing roughly double resources, the
systematic encoder achieves similar throughputs and operates
at comparable frequencies with its non-systematic counterpart.
The slight difference in performance is attributed to the delay
caused by the additional pipeline stage inserted between two
consecutive non-systematic encoders.

In Table VI, a comparison between the implementation re-
sults of rate-flexible encoders of [6] and [8], deeply-pipelined
non-systematic encoder from [27], and the proposed non-
systematic encoder with only one pipeline stage is provided.
Since the set of first MK encoders is introduced in this paper,
there exists no other MK encoder available for comparative
analysis. Therefore, the proposed binary scheme is compared
to other state-of-the-art binary encoders found in the existing
literature. Comparing to our work, both [6], [8] exhibit a
reduction in LUT consumption by a factor of 27.2× and
60.7×, along with a decrease in register utilization by 69.8×
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TABLE V
POST-FITTING RESULTS OF VARIOUS PARTIALLY-PIPELINED MK POLAR ENCODERS

Non-systematic Systematic
Block
Length Kernel Order LUTs Reg. L

(CCs)
L

(ns)
f

(MHz)
T/P

(Gbps) LUTs Reg. L
(CCs)

L
(ns)

f
(MHz)

T/P
(Gbps)

192 f3,2,2,2,2,2,2g 417 960 4 14.39 278 52.12 833 1728 8 29.4 272 51
243 f3,3,3,3,3g 811 1458 5 17.8 281 66.68 1621 2673 10 36.1 277 65.73
324 f2,2,3,3,3,3g 1027 1944 5 18.05 277 87.64 2053 3564 10 36.23 276 87.33
1024 f2,2,2,2,2,2,2,2,2,2g 2561 6144 5 17.73 282 282 5121 11264 10 36.1 277 277

TABLE VI
COMPARISON OF THE FPGA IMPLEMENTATION OF THE

DEEPLY-PIPELINED ENCODER OF [27] TO THE PROPOSED ONE-STAGE
PIPELINED ENCODER.

Encoder Block
Length

Tech.
(nm) LUTs Reg. f

(MHz)
T/P

(Gbps)
[6] 1024 28 95 44 353.36 1.46
[8] 1024 28 84 54 399.68 1.6
[27] 1024 28 2628 1025 356.223 182.38
This work 1024 28 2582 3072 274 274

and 56.9×, respectively. Nonetheless, it is noteworthy that
their throughputs are significantly lower, with a reduction of
187.7× and 170×, respectively. Despite utilizing the same
logic resources as [27], our proposed encoder operates at a
frequency that is 22.6% lower while attaining a 50.2% higher
throughput. It is noteworthy that none of the approaches in
[6], [8], [27] account for input and output registers in their
evaluations which contributes to the observed escalation in the
utilization of registers (66.7% increase) within the proposed
scheme.

Table VII provides a comprehensive summary of the post-
fitting results for Arıkan’s, pure-ternary, and MK stage-folded
polar encoders of various sizes. In the binary scenario, with
the architecture derived from [11] incorporating the proposed
modifications, we have implemented a code of dimensions
N = 1024 and H = 2. When compared to the com-
binational and deeply-pipelined encoders, it demonstrates a
notable reduction, approximately 60%, in terms of LUTs
consumption. Furthermore, it exhibits a 50% reduction in
registers utilization compared to the combinational encoder
and an even more significant 66.5% reduction in registers
when compared to deeply-pipelined encoders. However, in line
with our expectations, the architecture exhibits a noticeably
lower throughput, approximately 73.7% less than that of the
combinational encoder and 79% less than that of the deeply-
pipelined encoders.

When comparing the stage-folded and combinational en-
coders of size 243, it becomes evident that the stage-folded
encoder achieves significant savings in terms of resources.
It consumes 61.3% fewer LUTs and 49.4% fewer registers.
However, this efficiency comes at the cost of a reduced
throughput by 77.9%. In the case of MK stage-folded encoder
with a size of 324, it consumes 17.2% fewer LUTs and 48.8%
fewer registers when compared to the combinational encoder.
However, this advantage in resource usage comes at the cost
of a 63.2% reduction in throughput.

In [9]–[11], three ASIC implementations of Arıkan’s polar
encoders are provided. However, all encoders operate at fre-

quencies that are one to two orders of magnitude higher than
the encoders of this paper, while providing one to two orders of
magnitude lower throughput. Upon conducting a more detailed
analysis of the block lengths, spanning from the minimum
of 2 to the maximum of 32768, and specifically focusing on
block lengths exclusively derived from powers of 2, powers of
3, or a combination of both, our investigation has led to the
identification of a total of 83 distinct block lengths. Therefore,
the encoders of this paper support 83 different block lengths,
which is significantly more than 15 different codes supported
by Arıkan’s encoders of [9]–[11]. It worth emphasizing that
within the range spanning from 2 to 32768, there are precisely
15 powers of 2.

B. I/O Bounded Encoding

The proposed set of unrolled and pipelined architectures
demands a substantial amount of throughput at the input
and output of the encoder, particularly for deeply-pipelined
architectures. Take, for example, a polar encoder with a size
of N = 4096, which necessitates a bus capable of delivering
a staggering data rate of 2160 Gbps for transferring the input
and output data. Thanks to cutting-edge Ultrascale technology
[28] and Altera Generation 10 [29], such high data rates
can be provided. For instance, a specific model of Xilinx
Zynq UltraScale+ family features an impressive array of 96
GTX transceivers, with each capable of reaching a maximum
theoretical data rate of 32.75 Gbps, resulting in an overall
attainable data rate of over 3 Tbps. Given the need for high
data rates in deeply-pipelined architectures, partially-pipelined
architectures currently hold more appeal, especially when
employing FPGA technology.

V. CONCLUSION

The article presented novel hardware architectures designed
for high-throughput or area-efficient encoding of MK polar
codes. The proposed solutions are capable of encoding polar
codes that are constructed with binary (2×2), ternary (3×3),
or binary-ternary mixed kernels. The methodology provides an
effective solution for achieving the desired balance between
throughput and resource consumption, and offers remarkable
flexibility in terms of code length and kernel ordering. The
proposed approach can generate seven distinct architectures
targeting systematic or non-systematic encoders. The FPGA
post-fitting results for different block lengths and kernel or-
derings are reported, demonstrating the effectiveness of the
proposed architectures. Notably, a partially-pipelined polar
encoder of size N = 4096 is shown to achieve a remarkable
throughput of 1080 Gbps.




