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Sorting Convolution Operation for Achieving
Rotational Invariance

Hanlin Mo

Abstract—The topic of achieving rotational invariance in convo-
lutional neural networks (CNNs) has gained considerable attention
recently, as this invariance is crucial for many computer vision
tasks. In this letter, we propose a sorting convolution operation
(SConv), which achieves invariance to arbitrary rotations with-
out additional learnable parameters or data augmentation. It can
directly replace conventional convolution operations in a classic
CNN model to achieve the model’s rotational invariance. Based
on MNIST-rot dataset, we first analyze the impact of convolution
kernel size, sampling grid and sorting method on SConv’s rota-
tional invariance, and compare our method with previous rotation-
invariant CNN models. Then, we combine SConv with VGG, ResNet
and DenseNet, and conduct classification experiments on texture
and remote sensing image datasets. The results show that SConv
significantly improves the performance of these models, especially
when training data is limited.

Index Terms—Image rotation, rotational invariance, convo-
lutional neural network, sorting operation, interpolation.

1. INTRODUCTION

EATURE extraction is one of the core tasks in computer
F vision. Ideal image features should be invariant to spatial
deformations caused by imaging geometry, which ensures that
they can capture intrinsic information of images. In many prac-
tical applications, such as object detection and image classifi-
cation, we need to consider images with arbitrary orientations.
Actually, numerous rotation-invariant handcrafted features have
been developed in past decades [1], [2], [3], [4], [5], [6]. Since
2012, deep neural networks, especially convolutional neural
networks (CNNs), have been proven to be more effective than
most handcrafted features in various computer vision tasks.
Nonetheles, convolution operations do not have rotational invari-
ance. Even if an input is slightly rotated, CNNs may not be able
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to recognize it correctly. To address this, a direct approach is to
train a CNN with data augmentation. However, it has some draw-
backs, such as learning more redundant weights, and reducing
the interpretability of CNNs [7], [8]. Hence, recent research has
aimed to design new network architectures to achieve rotation
invariance of CNNs. Based on the concepts of group theory
and steerability, some researchers design rotation-equivariant
CNNs represented by Group Equivariant Convolutional Net-
work (G-CNN) [9] and E(2)-Equivariant Steerable CNN (E(2)-
CNN) [10]. These networks achieve the final output’s rotation
invariance by ensuring the rotation equivariance of intermediate
group representations [11], [12], [13]. Other research directly ad-
dresses rotation invariance, proposing various types of rotation-
invariant CNN models using methods such as orientation
assignment, polar/log-polar transform, and multi-orientation
feature extraction. These models include Spatial Transformer
Network (STN) [14], Polar Transformer Network [15], Oriented
Response Network (ORN) [16], Rotation-Invariant Coordinate
CNN (RIC-CNN) [17],and soon [18],[19],[20], [21]. Although
they have been used in different practical tasks [22], [23], [24],
[25], [26], [27], these existing rotation-invariant/equivariant
CNNss have three major limitations: 1) Most methods are invari-
ant to specific rotation angles rather than arbitrary angles [9],
[16], [20]. Some of them, like RIC-CNN [17], are only in-
variant to rotations around image center. 2) Some methods
require extra trainable parameters and rely on data augmentation
when training [14], [19], [22], [27]. 3) Many rotation-invariant
convolution operations are really complex [8], [9], [16], [20].
They cannot be directly substituted for traditional convolutions,
making it challenging to incorporate them into popular CNN
backbones.

The goal of this letter is to address these limitations. Our
contributions can be summarized as follows: 1) Inspired by
some handcrafted features of texture images [28], [29], [30],
we propose a Sorting Convolution (SConv) which achieves in-
variance to arbitrary rotation angles without data augmentation.
By substituting all standard convolutions in a CNN model with
the corresponding SConv, we can obtain a Sorting Convolutional
Neural Network (SCNN). 2) We train SCNN on original MNIST
training set without data augmentation, evaluate its performance
on MNIST-rot test set, and analyze the impact of convolution
kernel size, sampling grid, and sorting method on its rota-
tional invariance. In comparison to previous rotation-invariant
CNN models, our SCNN achieves state-of-the-art result. 3) We
integrate SConv into classical CNN backbones and perform
classification experiments on texture and remote sensing image
datasets. Our results show that SConv significantly increases
the classification accuracy of these models, particularly when
training data is limited.

© 2024 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see
https://creativecommons.org/licenses/by/4.0/
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(a) Taking 5 X 5 SConv as an example, we describes how to sort values and
then arrange them in row-major order within a 5 X 5 neighborhood.

Fig. 1.
positions.).

II. METHODOLOGY

A. Sorting Convolution Operation

The input of a convolution operation is typically an image
or a feature map, which can be represented as a h X w X ¢
tensor, where h, w, and c represent the height, width, and number
of channels of the tensor, respectively. To simplify subsequent
analysis, we assume c¢ = 1. In this way, the input tensor can
be represented as a two-dimensional function F/(X) : @ — R,
where the domain 2 = {1,2,...,h} x {1,2,...,w}. Then, a
conventional convolution operation Conv acting on a given
position X € €2 can be expressed as below

=) w(P)

PeS

Conv(Xg, F F(Xo+ P) ()

Here, W is a (2n+1) x (2n + 1) learnable kernel, n is a
non-negative integer, and P enumerates all sample positions
on the square grid S ={-n,—n+1,...,n} x{-n,—n+
1,...,n}. For example, when W is a 3 x 3 kernel, we have
S={(-1,-1),(-1,0),...,(0,1),(1,1)}, which contains 9
sample positions. We only consider odd-sized W because the
shift issue occurs in even-sized ones [31].

Let G(Y) be a rotated version of F'(X), that is, G(Y) =
F(R_¢Y),where R_gisa2 x 2rotation matrix and 6 € [0, 27)
represents the rotation angle. Supposing that Yy is the corre-
sponding position of X after rotation, the convolution operation
at Yy is

Conv(Yy, G =) W(P)-G(Yy+P) Q)
PeS
Since G(X) = F(R_pY), we have
GYo+P)=F(R Yo+ P))=F(Xo+RoP) )

By substituting (3) into (2), we can find Conv(Yy, G(Y)) #
Conv(Xg, F(X)), which means that Conv is not invariant to
two-dimensional rotation.

In fact, assuming that {R_yP}pes = S, we have {G(Yo +
P)}tpes = {F(Xo+ R-gP)}pes = {F(Xo + P)}pes. This
indicates that the input values used for the convolution oper-
ation at positions X, and Y|, are the same, but with different
arrangements. Obviously, if all values in {G(Yy + P)} pes and
{F(Xo + P)}pes are sorted in ascending order separately, the
two resulting sorted sequences are exactly the same.

Thus, we can first sort all values in {F(Xo + P)}pes and
arrange the sorted sequence in row-major order on the square
grid S, and then define SConv as

=y w(P
PeS

where F'*( X + P) represents the new value at (X + P) after
the sorting and row-major arrangement. In Fig. 1(a), we show

SConv(Xo, F Xo+P) &
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(b) The explanation of using the ring sorting method within a 5 X 5
neighborhood (with three rings).

The computational process of the proposed SConv and ring sorting method. (The numbers in the figure represent the values of the input at sampling
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Fig.2. Converting sampling positions on the square grid to sampling positions
on the polar grid within a 5 x 5 neighborhood. (The numbers in the figure
represent the values of the input at sampling positions.).

the computation process of 5 x 5 SConv. Since F* (X, + P) =
G*(Yo + P) for any P € S, we have SConv(Yy,G(Y)) =
SConv(Xo, F(X)), meaning that SConv is invariant to arbi-
trary rotations. Moreover, the sorting operation and row-major
arrangement do not require any parameters, so the number of
learnable parameters in SConv is the same as in Conv.

B. Ring Sorting and Polar Grid

It should be noted that the sorting operation disrupts the local
structure of F(X) in the (2n 4+ 1) x (2n + 1) neighborhood
of Xy, and reduce the discriminability of features. To address
this issue to some extent, we employ a ring sorting method.
As shown in Fig. 1(b), this method sorts and arranges values
in different rings centered at X, with no interference between
different rings. Clearly, it still ensures rotational invariance while
retaining some structural information between different rings
within the neighborhood. In fact, some early researches used the
ring sorting to construct rotation-invariant handcrafted features
for texture images [28], [29], [30]. However, to the best of our
knowledge, this is the first time this method has been applied to
CNNs.

Additionally, as mentioned in Section II-A, the rotational in-
variance of SConv is based on an assumption: { R_¢yP}pcs = S.
In fact, for discrete convolutions based on a square grid, this
assumption only holds true when rotation angle 6 = k - 90°
(k is an integer). To address this issue, a polar coordinate
system centered at X is established. As shown in Fig. 2, on
a (2n+1) x (2n + 1) neighborhood, we evenly sample 8r
positions on a circumference with radius r centered at X,
where » = 1,2,...,n. Bilinear interpolation is used to obtain
the values of F'(X) at these positions. When the rotation angle
0 =k - 360°/(8r), the 8r positions on the circle with radius
coincide before and after rotation, where k is an integer. Com-
pared to the square grid, the polar grid better ensures the validity
of the assumption, thereby better guaranteeing the rotational
invariance of SConv.

C. The Implementation of Sorting CNN

Given an input F'(X) of size h x w, Conv defined by (1)
produces an output of size h x w when the stride is set to 1 and
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padding is performed. For the corresponding SConv defined by
(4), we first need to sort the input values within a (2n + 1) x
(2n + 1) neighborhood for each position X € {1,2,...,h} x
{1,2,...,w},andthen concatenate all the sorted neighborhoods
to form a new input with size ((2n + 1) - h) x ((2n + 1) - w).
Next, we perform a (2n + 1) X (2n + 1) convolution on this
input with a stride of (2n 4 1) and no padding is applied.
Obviously, the output size of SConv is still h x w, the same
as the output of Conv. Hence, SConv and Conv can be swapped.

By replacing all Conv in a standard CNN with the corre-
sponding SConv, we can create a SCNN. When simultaneously
inputting an image and its rotated version into SCNN, the two
features obtained in each SConv layer satisfy the same rotation
relationship. If we use max or average pooling operations to
reduce the spatial resolution of the output of the last SCony layer
to 1 x 1, the resulting feature is invariant to arbitrary rotations,
and can be used as input for other network structures, such as
fully connected layers.

III. EXPERIMENTS

A. Experiment Setup

Datasets: MNIST [32] has 70000 28 x 28 handwritten digit
images (0-9), with 60000 for training and 10000 for testing.
10000 training images are randomly selected for validation.
Each test image is rotated from 0° to 350° every 10°, re-
sulting in 360000 rotated test images. The new test set is
called MNIST-rot and used to verify a CNN model’s rotational
invariance. QutexTC00012 [33] contains 24 texture classes
and 9120 grayscale images of size 128 x 128. For each class,
20 texture surfaces are captured under three lighting condi-
tions (“inca”, “t184” and “horizon”) as training images. Then,
they are captured as test images from 8 different rotation an-
gles (5°~90°) under “t184” and “horizon” lighting conditions.
Thus, the training set contains 24 x 20 x 3 = 1440 images, and
the test set contains 24 x 20 x 2 x 8 = 7680 images. NWPU-
RESISC45 [34] is a dataset for remote sensing image scene
classification. It contains 31500 RGB images of size 256 x 256
divided into 45 scene classes, each class containing 700 images.
We resize all images to 128 x 128 and randomly select 400
images from each class as training images, with the remaining
images used as test images. Due to the arbitrary shooting angles,
there are rotation variations present in many classes, such as
“bridge” and “ground track field”.

Models and Training Protocol: We initially design a CNN
baseline with six Conv layers, having 32/32/64/64/128/128
channels, respectively. We apply 2 X 2 max pooling after the
second and fourth layers, and use 7 x 7 average pooling after
the final convolution layer. Then, the feature vector is fed into a
fully connected layer with ten units. The kernel size for the last
two convolution layers is 3 x 3, while for the first four layers,
the kernel size is the same K x K, where K € {3,5,7}. By
replacing each Conv in the baseline with the corresponding
SConv, we can obtain a SCNN model. When implementing
SConv, we have options for square grid (S) or polar grid (P), as
well as global sorting (G) or ring sorting (R). This results in 12
different SCNNs ({S, P} x {G, R} x {3,5,7}). For example,
P-R-5 indicates that the first four layers use 5 x 5 SConv with
polar grid and ring sorting. We train all these SCNNs on MNIST
traning dataset with Adam optimizer, while the initial learning
rate is 10~%, multiplied by 0.8 every 10 epochs. The number of
epochs and the batch size are 100.

1201

TABLE I
THE CLASSIFICATION ON MNIST AND MNIST-ROT
Methods Input Size MNIST | MNIST-rot
ORN[16] 32 x 32 99.42% 80.01%
RotEqNet[20] 28 x 28 99.26% 73.20%
G-CNN[9] 28 x 28 99.27% 44.81%
H-Net[8] 32 x 32 99.19% 92.44%
B-CNNJ[21] 32 x 32 97.40% 88.29%
E(2)-CNN[10] 29 x 29 98.14% 94.37%
Baseline 28 X 28 99.43% 44.53%
SCNN 28 x 28 99.04% 95.05%

Bold stands for best results.

To demonstrate the ease of integrating SConv with commonly
used CNN backbones, we select ResNet18/34/50/101 [35],
VGG16 [36] and DenseNet40 [37] as baselines. By replac-
ing all Conv in these models with SConv, we obtain RI-
ResNet18/34/50/101, RI-VGG16 and RI-DenseNet40. All of
them are trained on OutexTC00012 and NWPU-RESISC45,
respectively. Again, the Adam optimizer is used, and the training
process involves 100 epochs with a batch size of 10. The initial
learning rate is set to 10~2 for DenseNet40 and RI-DenseNet40,
while it is 1073 for other models. We reduce it by a factor of 0.6
every 10 epochs.

Our experiments are performed on a Tesla V100 GPU (16 G)
upon Rocky Linux 8.7 system and PyTorch 2.0.0 framework.
All models are trained from scratch without using pretrained
parameters or data augmentation. This allows us to directly
observe the performance improvement brought by SConv.

B. Results on MNIST-Rot

First, we test rotational invariance of 12 SCNNSs with different
convolution kernel sizes, sampling grids and sorting methods on
the MNIST-rot. This test set contains 36 subsets, each containing
10000 samples with the same rotation angle (0°, 10°, ..., 350°).
Fig. 3(a) illustrates the classification accuracy of six SCNNs
using square grid on each subset, while Fig. 3(b) displays the
accuracy of six SCNNs using polar grid. Our findings are as
follows: 1) Polar grid better than square grid. The accuracy
curves in Fig. 3(b) show significant overall improvement com-
pared to Fig. 3(a). For example, S-R-5 just achieves 87.60%
accuracy, whereas P-R-5 achieves 93.92% on the entire MNIST-
rot. This aligns with our analysis in Section II-B. 2) Ring sorting
better than global sorting. Notably, P-R-7 achieves the highest
accuracy of 95.05%, surpassing P-G-7’s accuracy of 92.63% by
2.42%. This is because the ring sorting partially preserves spatial
information within a convolution region. 3) Large kernel better
than small kernel. Those SCNNs with larger kernel sizes yield
better results, especially when combined with the ring sorting.
For example, the accuracies obtained by P-R-3, P-R-5, and P-R-7
are 88.98%, 93.92%, and 95.05%, respectively.

Fig. 3(c) and Table I show the classification accuracies of
P-S-7, the corresponding baseline model, and six previous
rotation-invariant CNN models on the original MNIST test
set and MNIST-rot. Similar to SCNN, Harmonic Network (H-
Net) [8], Bessel CNN (B-CNN) [21], and E(2)-CNN [10] also
have the invariance to arbitrary rotation angles even without
data augmentation. In contrast, ORN [16], Rotation Equivariant
Vector Field Network (RotEgNet) [20], and G-CNN [9] are
only invariant to specific rotation angles like multiples of 45°
or 90°. These models are trained using the protocols from
their authors. We do not select STN [14], TI-Pooling [19], and
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TABLE II
THE CLASSIFICATION ON OUTEXTC00012

Training Data 24-40 = 1440 | 24-40 =960 | 24 -40 = 480
ResNet18 63.18% 64.44% 63.57%
RI-ResNet18 95.63% 96.47% 93.31%
ResNet34 63.50% 63.31% 64.43%
RI-ResNet34 95.35% 96.21% 93.31%
ResNet50 69.80% 70.31% 66.02%
RI-ResNet50 96.12% 97.30% 91.59%
ResNet101 70.96% 67.42% 63.09%
RI-ResNet101 95.33% 94.23% 90.25%
VGGI16 62.40% 61.84% 60.09%
RI-VGG16 95.43% 95.95% 93.96%
DenseNet40 65.91% 70.13% 59.84%
RI-DenseNet40 94.23% 96.09% 93.03%

several methods utilizing rotation-invariant loss functions [22],
[38] for comparison, because their invariance relies on data
augmentation. Our experimental results indicate the following:
1) On MNIST-rot, P-S-7 surpasses the previous state-of-the-art
method, E(2)-CNN, by improving the accuracy from 94.37%
to 95.05%. Additionally, the performance of P-S-7, H-Net,
B-CNN, and E(2)-CNN significantly outperforms ORN, RotE-
gNet, and G-CNN. This highlights the importance of achieving
invariance of CNNs under arbitrary rotations. Furthermore, due
to the inability to learn rotational invariance from the training
data, even though Baseline and SCNN have an equal number
of learnable parameters, Baseline just achieves 44.53% accu-
racy. 2) On the original MNIST test set, Baseline achieves the
best result (99.43%). Previous research [17] has indicated that
rotation-invariant CNNs struggle to distinguish between some
digits, like “9”” and “6”, which contributes to their slightly lower
performance on this test set.

C. Results on OutexTC00012 and NWPU-RESISC45

We evaluate six commonly used CNN backbones and their
corresponding rotation-invariant models on the OutexTC00012
dataset. The rotation-invariant models are obtained by replac-
ing Conv with SConv (using polar grid and ring sorting).
The classification accuracy is displayed in the first column of
Table II. Our rotation-invariant CNNs exhibit significantly
higher accuracy compared to their baseline counterparts. For
example, RI-ResNet18 outperforms ResNet18 by a substantial
margin of 32.45%. We subsequently reduce the number of
training images from 1440 to 960 (only using training images
captured under “inca” and “t184” lighting conditions) and 480
(“inca” only). We train twelve models on these smaller training
sets and evaluate their performance on the original test set. The
results are shown in the second and third columns of Table II.
Remarkably, even when the training set excludes certain lighting
conditions, all rotation-invariant models achieve accuracy ex-
ceeding 90%. This is because lighting variations do not disrupt

2000 250°

(b) Six SCNN models using polar grid.
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Fig. 4. Some visualization results of the feature maps obtained from the first
SConvy layer in RI-ResNet18.

TABLE III
THE CLASSIFICATION ON NWPU-RESISC45

Training Data | 45 - 400 = 18000 | 45 - 300 = 13500 | 45 - 200 = 9000
ResNet18 82.85% 80.16% 72.02%
RI-ResNet18 89.99% 88.93% 85.44%
ResNet34 82.82% 77.73% 71.47%
RI-ResNet34 90.17% 87.87% 84.27%
ResNet50 81.82% 78.96% 70.65%
RI-ResNet50 88.31% 84.39% 80.26%
ResNet101 82.93% 78.73% 71.34%
RI-ResNet101 81.21% 82.96% 78.93%
VGG16 86.16% 83.89% 79.67%
RI-VGG16 89.55% 87.41% 83.57%
DenseNet40 84.14% 83.10% 77.18%
RI-DenseNet40 86.24% 84.45% 81.00%

the local structure of textures, and the rotational invariance of
SConv enables it to better extract essential information about
local texture structures. Fig. 4 shows the visualization results
of the feature maps obtained from the first SConv layer in
RI-ResNetl18. It can be observed that the feature maps rotate
with the input image, which is ensured by SConv’s rotational
invariance. Further, we conduct classification experiments on
the NWPU-RESSC45 dataset, and also reduce the training
set size to 13500 and 9000 (randomly selecting 300 and 200
images from each category, respectively). Table III presents
the classification accuracies of these models on the test set.
Clearly, our rotation-invariant models continue to outperform
the corresponding baselines significantly, with a wider gap as
the training data decreases. For instance, when the number of
training images is reduced from 18000 to 13500 and 9000,
the accuracy difference between RI-ResNetl8 and ResNet18
increases from 7.14% to 8.77% and 13.42%, respectively.

IV. CONCLUSION

We develop a SConv to achieve rotational invariance in CNNs
without additional learnable parameters or data augmentation.
Using the MNIST-rot dataset, we analyze the impact of different
factors on SConv’s rotational invariance and compare its perfor-
mance with other rotation-invariant CNNs. SConv can directly
replace conventional convolution operation. We combine it with
classical CNN backbones, and conduct classification experi-
ments on popular image datasets. Our results show SConv excels
in these tasks, especially when training data is limited.
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