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ABSTRACT. We study the stability of an inverse problem for the frac-
tional conductivity equation on bounded smooth domains. We obtain
a logarithmic stability estimate for the inverse problem under suitable
a priori bounds on the globally defined conductivities. The argument
has three main ingredients: 1. the logarithmic stability of the related
inverse problem for the fractional Schrédinger equation by Riiland and
Salo; 2. the Lipschitz stability of the exterior determination problem:;
3. utilizing and identifying nonlocal analogies of Alessandrini’s work on
the stability of the classical Calderén problem. The main contribution
of the article is the resolution of the technical difficulties related to the
last mentioned step. Furthermore, we show the optimality of the loga-
rithmic stability estimates, following the earlier works by Mandache on
the instability of the inverse conductivity problem, and by Riiland and
Salo on the analogous problem for the fractional Schrodinger equation.

1. INTRODUCTION

Stability estimates for inverse problems give important information on
theoretical limitations of different imaging techniques appearing in various
medical, engineering, and scientific applications. They are also useful for
development of numerical methods. A common feature of many inverse
problems is that they are ill-posed, which means that small measurement
errors may lead to large errors in the reconstructed images. One of the
most popular model problems is the inverse conductivity problem, known
as the Calder6n problem [Cal80], where one aims to recover the (scalar)
conductivity 7 from the voltage/current measurements on the boundary 92
of an object ). In mathematical terms, one defines the data as a Dirichlet-
to-Neumann (DN) map A, : f — v0,ur|sq, where 0, is the outer boundary
normal derivative, the electric potential uy is the unique solution of the
boundary value problem

div(yVu) =0 in £,
u=Ff on 0N,

and the voltage f is the given Dirichlet boundary condition. The Calderén
problem asks to recover 7 from the knowledge of A, which corresponds
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INVERSE FRACTIONAL CONDUCTIVITY PROBLEM 2

to knowing the outer normal fluxes (i.e. boundary currents) generated by
imposing different boundary voltages f.

The Calderén problem serves both as a mathematical model for electri-
cal impedance tomography [Uhl14], and more generally as a prototypical
model for inverse problems. In fact, methods and techniques originally
developed for the classical Calderén problem have applications in a wide
range of other inverse problems, among which the anisotropic Calderén prob-
lem [APL05, DSFKSUQ9], hyperbolic problems [RS88, Sun90] and inverse
problems related to the theory of elasticity [NU94]. The work of Sylvester
and Uhlmann proved a fundamental uniqueness theorem for the classical
Calderén problem in dimension n > 3, using a reduction to an analogous
problem for the Schrodinger equation and constructing the so called complex
geometrical optics (or CGO) solutions [SU87]. Nachman established a re-
construction method [Nac88], and Astala—Pé&ivérinta showed a fundamental
uniqueness result when n = 2 using methods from complex analysis and a
reduction to the Beltrami equation [AP06]. We recall the stability theorem
of Alessandrini [Ale88], which is an important motivation for our present
work:

Theorem 1.1 (Alessandrini [Ale88, Theorem 1]). Let Q be a bounded do-
main in R™, n > 3, with C*° boundary 0N). Given s and E, s >n/2, E >0,
let 1,72 be any two functions in H5T2(Q) satisfying the following conditions

E~Y <~y(x), foreveryz inQ,L=1,2.
[vell prssey) < E, £=1,2.
The following estimate holds !
71 =2l @) < Cew(([Ay = Al g2 00y H-172(00))
where the function w is such that
w(t) < |logt|™®, for everyt, 0 <t <1/e,
and 0, 0 < 0 < 1, depends only onn and s.

Mandache showed that the logarithmic stability estimates are optimal
up to the constants C,d [ManOl]. The works of Alessandrini and Man-
dache therefore show that the classical Calderén problem is ill-posed and
furthermore accurately characterize this phenomenon. Mandache’s work
was recently systematically studied and extended by Koch, Riiland and Salo
[KRS21] to many different settings. For the other recent works on the sta-
bility of the classical Calderén problem, we point to the following works
[CDR16, CS14], where stability under partial data is obtained, and stability
for recovery of anisotropic conductivies is considered. Under certain a priori
assumptions, such as piecewise constant conductivities, the stronger result
of Lipschitz stability holds [AV05]. Lipschitz stability is also possible with a
finite number of measurements [AS22]. In a different direction, we mention
[AN19] for an application of stability to the statistical Calderén problem.

In the present work, we study the stability properties of an inverse prob-
lem for a nonlocal analogue of the classical Calderén problem. There has

lGiven a bounded linear mapping A: X — Y between two Banach spaces, we denote
its operator norm by ||A||x—y.
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been growing interest towards establishing the theory of inverse problems for
elliptic nonlocal variable coefficient operators. Other recent studies include
inverse problems for the fractional powers of elliptic second order operators
[GU21] and inverse problems for source-to-solutions maps related to frac-
tional geometric operators on manifolds [FGKU21, QU22]. We note that
the exterior value inverse problems considered in [GU21] for the operators
(div(yV))%, 0 < s < 1, generated by the heat semigroups, give another
possibility to define a nonlocal conductivity equation which is presumably
different from the equation we study here.

Let s € (0,1) and consider the exterior value problem for the fractional
conductivity equation

. divs(©,Vu) =0 in Q,
(1) u=f in Q.

Here Q. := R™\ Q is the exterior of the domain Q and the matrix ©,: R** —
R™ " is defined as O, (x,y) = y"/%(x)y"/?(y)Id. The operators divy, V*
appearing in (1) are the fractional divergence and the fractional gradient.
These are nonlocal counterparts of the familiar differential operators div, V,
and have the expected properties

(divy)* = V5,  div,V® = (—A)".

In Section 2.2 we will discuss these fractional operators in detail. Given the
mapping properties of the fractional gradient and divergence (see Section
2.2), in the assumption that the conductivity v is regular enough ([RZ22c]),
we see that the fractional conductivity operator can be defined as a map

divs(0,V?) : H*(R") — H*(R").
We say u € H*(R") is a (weak) solution of (1) if u — f € H*(€) and

_ Cus [ 2@ ) _
== /R% o — g (u(z) —u(y))(o(z) — ¢(y)) dedy =0

holds for all ¢ € C°(2). We refer to Section 2.1 for the definition of the
fractional Sobolev space H 5(Q2), as well as of all other function spaces. For
all f € X := H*(R")/H*() in the abstract trace space there is a unique
weak solution uy € H*(R™) of the fractional conductivity equation (1). The
fractional conductivity operator converges in the sense of distributions to the
classical conductivity operator when applied to sufficiently regular functions
when s 17 1 [Cov20, Lemma 4.2]. Moreover, it is immdiately seen that the
fractional conductivity operator reduces to the fractional Laplacian in the
case v = 1.
The exterior DN map A,: X — X* is defined by

(Ayf,9) == By(uy, 9).

The inverse problem for the fractional conductivity equation asks to recover
the conductivity v from A,, which maps as Ay: H*(Q) — H5°(R") in

B"/(uv ¢)

the case of Lipschitz domains. We define m. := 4'/2 — 1 and call it the
background deviation of «v. Let @ C R™ be bounded in one direction and
n > 1. (We suppose additionally that 0 < s < 1/2 when n = 1.) The
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uniqueness properties of this inverse problem are studied extensively in the
recent literature and the following list summarizes these advances:

e Global uniqueness. If W C . is an open nonempty set such that
~ilw are continuous a.e., and m; € H?*2s (R") N H¥(R"), j = 1,2,
then 1 = 72 if and only if Ay, flw = Ay, flw for all f € CZ*(W)
[CRZ22]. This result generalizes and expands the scope of the earlier
works [Cov20, RZ22b|, which solved the inverse problem in certain
special cases by means of the fractional Liouville transformation.
This is a technique used to reduce the fractional conductivity equa-
tion to the fractional Schrodinger equation introduced in [GSU20],
which is in turn better understood.

e Low reqularity uniqueness. If W C Q. is an open nonempty set such
that ~;|y are continuous a.e., and m; € HS’”/S(R"), then v1 = v
if and only if Ay, flw = A, flw for all f € C°(W) [RZ22c]. This
uses a general UCP result for the fractional Laplacians in [KRZ22].

o Counterezamples for disjoint measurement sets. For any nonempty
open disjoint sets Wi, Wo C Q. with dist(W; U Wa, Q) > 0 there
exist two different conductivities 71,72 € L>®(R™) N C*°(R™) such
that ~1(z),72(x) > 7 > 0, my,mg € H>/5(R") N H*(R™), and
Ay, flyy, = Ay flyy, for all f € C2°(Wh) [RZ22a, RZ22¢].

In this article, we obtain a quantitative stability estimate for the global
inverse fractional conductivity problem on bounded smooth domains with
full data. This is based on one of the possible global uniqueness proofs
presented in [CRZ22, RZ22c|]. There remain some nontrivial challenges in
order to obtain a quantitative version of the partial data uniqueness re-
sults in [CRZ22, RZ22c|, as well as to remove the regularity/boundedness
assumptions of the domain even for the full data case.

We will next recall two earlier stability results related to the fractional
Calderén problems. The first one considers the stable recovery of ~ in the
exterior, based on [CRZ22, Proposition 1.4]. The second one considers the
stability of the analogous inverse problem for the fractional Schrédinger
equation (—A)® + ¢ due to Riiland and Salo [RS20, Theorem 1.2]. The
uniqueness properties of the Calderén problem for large classes of fractional
Schrodinger type equations have been extensively studied starting from the
seminal work of [GSU20]. These include perturbations to the fractional pow-
ers of elliptic operators [GLX17], first order perturbations [CLR20], nonlin-
ear perturbations [LL22], higher order equations with local perturbations
[CMR21, CMRU22], quasilocal perturbations [Cov21], and general theory
for nonlocal elliptic equations [RS20, RZ22b].

In particular, the following results are needed in our proofs:

Theorem 1.2 ([RZ22c¢, Remark 3.3]). Let Q C R™ be a domain bounded
in one direction and 0 < s < 1. Assume that v1,7v2 € L°(R") satisfy
m(z),y2(x) > 70 > 0, and are continuous a.e. in .. There ezists a
constant C > 0 depending only on s such that ?

71 =2l @) < CllAy, — Mgy [l

2Here and in the rest of paper we use the notation ||A|. := Al s (920)— (B2 (220))* -
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Given a Sobolev multiplier ¢ € M (H® — H~*) (cf. [RS20, CMRU22]), we
define the following bilinear form

By(u,v) := / (=A)*2u (=A)*Pvde + (qu,v), u,v e H*(R),

related to the fractional Schrédinger operator (—A)® + q.

Theorem 1.3 ([RS20, Theorem 1.2]). Let Q@ C R"™ be a bounded smooth
domain, 0 < s < 1, and Wy, Wy C Q be nonemtpy open sets. Assume that
for some 6, M > 0 the potentials q1,qs € Hé’Z(R") have the bounds

‘|QJ|’H57%(Q) <M, j=1,2.

Suppose also that zero is not a Dirichlet eigenvalue for the exterior value
problem

(2) (=A)Y’u+qu=0, inf
with ulg, = 0, for j =1,2. Then one has >

< w([[Ag

lar = a2l 4 ) ~ Aaall ey = (1= vy )

where Ag,: X — X* with <qu f,g> := By, (uy,g) is the DN map related to
the exterior value problem for equation (2), and w is a modulus of continuity
satisfying

w(z) <Cllogz|™, 0<z<1
for some C and o depending only on Q, n, s, W1, Wy, 6 and M.

The following Lemma is fundamental for our arguments, as it relates the
fractional conductivity operator with the fractional Schrodinger operator.
We will discuss this result further in Section 2.3.

Lemma 1.4 (Liouville reduction, [RZ22c¢, Lemma 3.9]). Let 0 < s <
min(1,n/2). Assume that v € L®(R™) with conductivity matriz ©. and

background deviation m., satisfies v(x) > vo > 0 and m., € H>™/*(R"™). Let

Qy 1= —%. Then there holds

(0,V°u, V*) 2 (gany = (=) (v /2u), (=) (v"%¢))) L2 @ny
+ (¢, (v"?0), (v1?9))
for all u, ¢ € H*(R™).

In the sequel, we will call ¢, above a potential.

1.1. Main results. We next state our main result, whose proof is based on
a reduction to Theorems 1.2 and 1.3.

Theorem 1.5. Let 0 < s < min(1,n/2), € > 0 and assume that Q@ C R" is
a smooth bounded domain. Suppose that the conductivities v1,72 € L°(R™)
with background deviations my, ms fulfill the following conditions:

(i) 70 < 71 (x),72(x) <75t for some 0 <y < 1,

ONote [|All e wyy-s (1= (wayy- = sUP{ [(Aur, ua)| 5 Jugllme@n) = 1wy € CZ (W) ).
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(i) my,my € H*292 (R™) and there exists C, > 0 such that

fori=1,2,
(iii) my — mo € H*(R™) and there exists Co > 0
(4) [(=A)mill 1. < C2
fori=1,2.
If 0y € (max(1/2,2s/n),1) and there holds ||Ay, — Ay« < 379 for some

0<d< 1390, then we have

71 = 2llpa) < w(l[Ayy — Asyll4)

forall 1 < q < n2_"25, where w(x) is a logarithmic modulus of continuity
satisfying
w(z) < Cllogx|™, for 0<az<1,

for some constants o,C > 0 depending only on s,e,n,Q, C1,Cs, 0y and vq.

Remark 1.6. We make several comments about Theorem 1.5 and its as-
sumptions to clarify some interesting points:

(i) Theorems 1.2 and 1.5 together imply that for any compact set K C

R™ there holds
1/2 1/2
I = %" g < wlllAy = Asylls)

where w is a logarithmic modulus of continuity with a constant C
additionally depending on K. In general, one has L control in .
and LY control in Q.

(ii) The L' assumption (4) is required due to the noncompact, global,
setting of the problem, and L stability in the exterior. The stability
estimate in the exterior forces us to impose the additional condition

that the related potentials q; := — (7A1)/82mi € (L% (82))* with a priori
’y.

bounds in their norms, and hence (43 15 a natural assumption.

(iii) We assume that the domain has smooth boundary due to Theorem
1.3, as one has to impose the smoothness assumption in order to use
the Vishik—Eskin estimates. In light of [RS20, Remark 7.1], the rest
of their proof could be formulated under weaker reqularity assump-
tions, as well as the one of Theorem 1.5 (see Section 5). This leaves
the interesting open question of whether it is possible to obtain the
stability results, i.e. Theorems 1.8 and 1.5, for less reqular domains.

(iv) We impose the assumption (3) so that the related potentials satisfy
g € H5’2717(Q) for some § > 0, and Theorem 1.3 applies. The as-
sumption (3) also implies that ~1,v2 are continuous, so that Theorem
1.2 is known to apply. This assumption is much stronger than the
ones required for the global uniqueness theorems [CRZ22, RZ22c].

(v) By formally taking s =1 in Theorem 1.5 and comparing with Theo-
rem 1.1, one sees that the latter has slightly sharper differentiability
assumptions when n = 3, and the reverse is true for n > 5. In di-
mension n = 4, the assumptions of the two theorems are comparable.
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In the sequel, B, C R™ denotes the ball of radius » > 0 centered at the
origin. We complement our stability estimate with the following statement
on exponential instability under partial data.

Theorem 1.7. For any ¢ € Ry \ N such that £ —2s € Ry \ N as well there
exists a constant B > 0 such that for all sufficiently small € > 0 there are
conductivities v1,v2 € C*(R™) such that

”A'Yl — A’YQ||HS(B3\§2)—>(HS(33\§2))* S eXp <—67 (2n+3)5> ,

171 = 2l (By) > €
1villoesy < B, 1<% <2, i=1,2.

Remark 1.8. For the sake of simplicity, we restrict our analysis of insta-
bility to a very symmetric geometrical setting. This is convenient for the
proof, as it is possible to explicitly construct a basis {fn ki}nkeno<i<i, of
L?(B3\ By) with the special properties given in Lemma 2.1 of [RS18], where
lp, is the number of spherical harmonics of order h on 0By. However, it
would suffice to consider the exterior DN maps in any annulus Bg\ B, with
1 < r < R, as the rest of the construction can be easily adapted to this case.
Whether instability holds in the case of full data remains to be proved.

1.2. Organization of the article. The article is organized as follows. We
begin Section 2 by defining the many needed function spaces and recalling
the notation for the fractional conductivity equation. Section 3 concerns
extension and multiplication lemmas for Sobolev functions. In Section 4,
we prove our main stability estimate, Theorem 1.5. In Section 5, we dis-
cuss quantitative reduction to the Schrodinger problem with partial data.
Finally, to completement the stability theorem, in Section 6 we prove the
exponential instability result of Theorem 1.7. For clarity, some proofs of
auxiliary results are postponed to Appendix A.

Acknowledgements. G.C. was supported by an Alexander-von-Humboldt
postdoctoral fellowship. J.R. was supported by the Vilho, Yrj6 and Kalle
Viisila Foundation of the Finnish Academy of Science and Letters.

2. PRELIMINARIES

2.1. Function spaces. Throughout this article 2 C R" is always an open
set. The classical Sobolev spaces of order £ € N and integrability exponent
p € [1,00] are denoted by W*P(Q) and for & = 0 we use the convention
WOP(Q) = LP(Q). Moreover, we let WP(£) stand for the fractional Sobolev
spaces, when s € Ry \ N and 1 < p < oco. These spaces are also called
Slobodeckij spaces or Gagliardo spaces. If 1 < p < oo and s = k + o with
k € Np, 0 < o < 1, then they are defined by

WP(Q) := {u € WFP(Q); [0%ulworq) <00 V]a| =k},

B u(z) — u(y)P e
[ulwor(o) = (/Q g dxdy

where
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is the so-called Gagliardo seminorm. The Slobodeckij spaces are naturally
endowed with the norm

1/p

lulwer@) = | Nl + 3 0oy
|a|=k

Next we recall the definition of the Bessel potential spaces H*P(R™) and
introduce several local variants of them. For the Fourier transform, we use
the following convention

Fu(&) :=a(§) :== /n u(z)e ¢ da,

whenever it is defined. Moreover, the Fourier transform acts as an isomor-
phism on the space of Schwartz functions ./(R™) and by duality on the space
of tempered distributions .#/(R™). The inverse of the Fourier transform is
denoted in each case by F~!. The Bessel potential of order s € R is the
Fourier multiplier (D)* : /(R™) — .%/(R"), that is

(D)* = FH({€)" ),
where (€) = (1 + |¢|>)'/? is the Japanese-bracket. For any s € R and
1 < p < o0, the Bessel potential space H*P(R") is defined by
H*P(R") :={u € ' (R"); (D)’ u € LP(R™)},
which we endow with the norm |[ul|gs»®n) = [[(D)" ull p@mny. If @ C R,

F C R"™ are given open and closed sets, then we define the following local
Bessel potential spaces:

H*?(Q) := closure of C2°(Q) in H*P(R™),
H3?(RY) = {u € H*P(R"); supp(u) © F},
H%P(Q) :={u|g; ue H*P(R") }.
The space H*P(Q)) is equipped with the quotient norm
[ull (o) == f{ w]|gew@n) ; w € HYP(R"),wlg = v }.

We see that H*P(Q), H 7P(R™) are closed subspaces of H*P(R™). As custom-
ary, we set H*(Q) := H*2(Q) for any open set  C R". If the boundary of
the domain € C R” is regular enough then there is a close relation between
the fractional Sobolev and Bessel potential spaces but also between two of
the above introduced local Bessel potential spaces. For this purpose we next
introduce the Holder spaces and the notion of domains of class C*<.

For all k € Ny and 0 < a < 1, the space C**() consists of all functions
u € C*(Q) such that the norm

lullcraay = lluller@) + Y [0 ulcowq)
1B|=F
is finite, where

|u(z) — u(y)|
lullory = Y 10°ull ey and  [u]coa(g) = sup ———— 05
(V) =, () (V) eryeq T — |
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We remark that the same notation will be used for R"-valued functions. We
say that an open subset  C R™ is of class C*® for k € Ny, 0 < a < 1 if
there exists C' > 0 such that for any z € 9€) there exists a ball B = B,.(x),
r >0, and a map T": @) — B satisfying

(i) T € Ck(Q), T-! € C**(B),

(i) [Tl cra (@) 1T ke < C,

(iii) T(Q+) = QN B, T(Qp) = 002N B.
In the special case £ = 0, = 1, we say that  is a Lipschitz domain.
Moreover, we say that a domain is of class C* if the above conditions hold
for o = 0 and it is smooth if it is of class C* for any k € N. Above we used
the following notation:

Q:={r=(2",2,) eR" I xR; |2/| <1, |za| <1}
Qri={z=(2,2q) €Q; 2n >0}
Qo ={x= " 2,)€Q;1,=0}
One can prove the following equivalence of local Bessel potential spaces:

Lemma 2.1 ([McL00, Theorem 3.29]). Let Q C R™ be a Lipschitz domain
with bounded boundary and s € R then H*(Q2) = HE(R").

Next we note that the following embeddings hold between Bessel potential
spaces H*P and the fractional Sobolev spaces W*P:

Theorem 2.2. Let s e R\ N, 1 < p < o0 and assume Q@ C R™ is an open
set.
(i) If1l<p<2 s=k+owithkeNy,0<o<1and Q=R" orQ is
of class C™1 with bounded boundary, then W5P(Q) < H5P(1Q).
(ii) If 2 < p < oo, then H*P(Q)) — W*P(Q).

Remark 2.3. A proof for the case Q = R™ can be found in [Ste70, Chap-
ter V, Theorem 5], and by using extension theorems in Slobodeckij spaces
the theorem follows for C*' domains with bounded boundary.

Remark 2.4. In particular, the above theorem asserts that for all s = k+o
with k € No,0 < o < 1 there holds H*(Q) = W*2(Q), when Q C R" is an
open set of class C*' with bounded boundary.

2.2. Fractional operators. For all s > 0 and u € .¥'(R"), we define the
fractional Laplacian of order s by

(—A)'u = F (|¢[*a),

whenever the right hand side is well-defined. One can easily show by using
the Mikhlin multiplier theorem that the fractional Laplacian is a bounded
linear operator (—A)*: HUP(R™) — H72P(R") for all t € R and 1 < p <
0o. In the special case u € (R™) and s € (0,1), the fractional Laplacian
can be calculated as the following singular integrals (see e.g. [DNPV12,
Section 3])

(—A)*u(z) = Cpsp-v. /]Rn W dy

o _Cn,s / U($ + y) + U(.T — y) — 2U($)
- 2 n ’y|n+25

dy,
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where C,, ; > 0 is a normalization constant. One immediately sees that the
above integral is in the range s € (0,1/2) for (local) Lipschitz functions
not really singular. The fractional Laplacian has a distinguished property
which simplifies the analysis of the inverse fractional conductivity problem
compared to the classical Calderén problem, namely the unique continuation
property (UCP), which asserts that if r €e R, 1 < p < 00, s € Ry \ N and
u € H"P(R™) satisfies u|ly = (—A)%uly = 0 in some nonempty open set
V' C R, then there holds u = 0 in R" (cf. [KRZ22, Theorem 2.2]).

Moreover, let us point out that a large part of the theory of the in-
verse fractional conductivity problem can be extended to a certain class
of unbounded domains, which are called domains bounded in one direc-
tion (cf. [RZ22b, Definition 2.1}), since the fractional Laplacian satisfies on
these domains a Poincaré inequality. However, in this work we restrict our
attention to bounded domains, and the stability of the inverse fractional
conductivity problem on unbounded domains remains open.

For the rest of this section, we fix s € (0,1). The fractional gradient of
order s is the bounded linear operator V*: H*(R") — L?(R?*";R") given by
(see [Cov20, DGLZ12, RZ22b])

Ch,s u(x) —u(y)

VSU(ZE, y) = 9 |.TC _ y|n/2+s+1 (l‘ - y)a

and satisfies
IV5ull p2any = [(=A)ull 2@ny < l|ull s @n)
for all w € H*(R™). The adjoint of V* is called fractional divergence of order
s and denoted by divs. More concretely, the fractional divergence of order
s is the bounded linear operator
divy: L*(R*™;R") — H~*(R"™)
satisfying the identity
<diV5 u, U>H75(]R")><HS (R™) = (U, VS’U>L2 (RQ”)

for all u € L?(R*;R"),v € H*(R"). A simple estimate shows that there
holds (see [RZ22b, Section 8])

[ divs ull g-srny < lJull L2 @2n)

for all v € L?(R?>";R"), and also a comparison with the quadratic form
definition for the fractional Laplacian implies (—A)*u = divs(V*u) for all
u € H*(R") (see e.g. [Kwal7, Theorem 1.1] and [Cov20, Lemma 2.1]).

2.3. The fractional Liouville reduction. We conclude this section with
a discussion of the fractional Liouville reduction from Lemma 1.4, which
constitutes one of the main tools in our analysis of the fractional conductivity
equation.

It is a well-known classical result that the conductivity equation

div(yVu) =0 in Q,
u=f in 09
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can be restated as the Schrodinger equation

—Aw+qw=0 1in €,

w=g in 09,
where w := 7/2u, g := yY2f, and the new potential ¢ is computed as
1/2 . . . . .
= Af(ﬂ 73 ). This transformation takes the name of Liouville reduction,

and its significance resides in the fact that the principal part of the operator
of the equivalent problem has constant coefficients, which makes it easier to
study. The dependency of the transformed operator on the conductivity = is
only through the lower order perturbation ¢. In this respect, the local and
nonlocal problems behave analogously: as stated in Lemma 1.4 and proved
in [Cov20, RZ22c¢]|, the fractional conductivity equation

divg(©,Vu) =0 in Q,
u=f in Q.

can be restated as the fractional Schrodinger equation

(—A)w+gw=0 inQ,

w=g in §,

(=A)°my
~1/2

with m, = ~1/2 — 1. This result is proved directly for a Schwartz function
u, and it is then extended to u € H*(R™) by density under mild regularity
assumptions for the conductivity «. With this tool at hand, the uniqueness
results for the fractional Schrodinger equation are readily generalized to the
case of the fractional conductivity equation. Observe that the technique
from [GSU20] based on the use of the Runge approximation property and
the Alessandrini identity can not be directly applied for the fractional con-
ductivity equation, in light of the inherently nonlocal nature of the part of
the operator with variable coefficients. This problem is however avoided by
using the fractional Liouville reduction.

The fractional Liouville reduction has been used also in the study of the
inverse problem for fractional isotropic elasticity [CdHS22] and of a frac-
tional anisotropic Calderén problem [Cov22]. Furthermore, the fractional
Liouville reduction has been applied in [Zim23] to study the simultaneos re-
covery of the conductivity and a lower order potential. These constitute an
interesting novelty, given that the classical Liouville reduction is not usually
applied for the local versions of these problems. Additionally, in the recent
article [LZ23] it has been shown that for the uniqueness in the fractional con-
ductivity problem only nonnegative test functions have to be used, which as
a particular case lead to unique determination results in the inverse problem
for nonlocal porous medium equations. Finally, in [LRZ22] the Liouville re-
duction has been extended to a space-time setting to establish uniqueness
results in a parabolic version of the fractional conductivity problem.

where w := vY/2u, g := vY/2f as in the classical case, while Gy = —
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3. EXTENSION AND MULTIPLICATION LEMMAS FOR FRACTIONAL
SOBOLEV SPACES

In this section, we establish a higher extension theorem for the spaces
W#P(Q), where Q C R™ is a sufficiently regular domain with bounded bound-
ary. This is then used to extend a Gagliardo—Nirenberg inequality to these
domains (cf. [BMO1, Corollary 2, (iii)]). These results are needed to have
access to suitable Holder embeddings for the conductivities and have access
to L™ estimates in (), for the conductivities via concrete extension opera-
tors and the Gagliardo—Nirenberg inequality. This need is in turn related
to having only L°° control of conductivities in the exterior via Theorem 1.2.
The proofs of Lemmas 3.1 and 3.2 are found in Appendix A.

Lemma 3.1 (Multiplication by Holder functions). Let Q C R™ be a Lip-

schitz domain with bounded boundary, 1 < p < oo and s € Ry \ N.

(i) Let 0 < s <1and s < u<1. Ifu € WP(Q) and ¢ € CO*(Q), then
pu € WHP(Q) satisfies

1/p

for some C1 > 0 only depending on n and p.

(i) Let s = k+o withk e NNO<o<lando < pu <1 Ifue
W*P(Q) and ¢ € C*(Q) with 0%¢ € COH(Q) for all |a| < k, then
ou € WP(Q) satisfying

o) ) )

K
‘ (ZHVQMCOM(Q)) [llws.r ()
=0

for some Cy > 0 only depending on n, k,p, .

The following statement is a generalization of [DNPV12, Lemma 5.1],
where the support of u is not necessarily compact and s is allowed to be
larger than one:

Lemma 3.2 (Zero extension). Let Q@ C R™ be an open set, s > 0 and
1 <p<oo. Assume that u € WP(Q) satisfies d := dist(supp(u),9Q) > 0
and let w: R™ — R be its zero extension, that is

u(x) == {u(az), T

0, otherwise.
Then u € W*P(R™) and there holds
HEHWSvP(Rn) < CHUHWS»P(Q).

Lemma 3.3 (Higher order extension theorem). Let 1 < p < oo, s =
k+o0 withk € Ng, 0 < 0 < 1 and assume that @ C R" is a domain
of class C*1 with bounded boundary. Then there exists an extension op-
erator E: W*P(Q) — W*P(R") such that Eulg = u and [[Eu||yspmn) <
Cllullws»()-
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Proof of Lemma 3.3. By assumption there is a finite collection of balls B;,
j=1,...,m, and maps T;: ) — B; such that
(i) T; € CRY(Q), T; ' € CBY(By),
(11) 1Tl cx ) ||771||Ck,1(3j) < C for some C' > 0,
(iii) T3(Q4) = QN By, Tj(Qo) = 92N B;
for all j = 1,...,m. By [Brell, Lemma 9.3 there exist (¢;)j=0,.m C
C*°(R™) such that
I)0<¢j<lforalj=0,...,m,
(II) supp(¢o) C R™\ 91,
(IIT) ¢; € CX(B;) forall j=1,...,m
(IV) and > 77" ¢; =1 on R™
Using the compactness of 92 and the assertion (II) we see that
d := dist(supp(¢o|q), 652) > 0.

On the other hand the properties (II1), (IV) imply 0%y € C%(Q) for all
a € Nj. Hence, by Lemma 3.1 we know ¢ou € W*P(Q) and therefore we
deduce from Lemma 3.2 that ug := ¢ou € W*P(R"). Next we want to
extend the functions ¢;u to elements of W*P(R"™). In the proof of [Dobl0,
Satz 6.10, Satz 6.38], which establishes the result for bounded domains, it
has been shown that there exists u; € W*P(R") such that u;|lo = ¢;u for

all j = 1,...,m and [[u;|lwsr@n) < Cllullysr). Therefore, the operator
E: WsP(Q) — W*P(R™) given by Fu := qun:o u; satisfies the asserted
properties and we can conclude the proof. O

Lemma 3.4 (Gagliardo-Nirenberg inequality). Let 1 <p < oo, s=k+o
with k € Ng, 0 < 0 < 1 and assume that Q = R"™ or Q C R" is a domain of
class C*1 with bounded boundary. Then for any 0 < 6 < 1 there holds

ullyoesroey < Cllullly syl i,
for all u € W3P(Q) N L>(Q).
Proof. In the case Q@ = R™ the result holds by [BMO01, Corollary 2.c)]. If
Q) C R" is a domain of class C*! with bounded boundary then by Lemma 3.3
for all u € W*P(Q)NL>(N) there is an extension Fu € W*P(R™). Moreover,
the proof in [Dob10, Satz 6.10, Satz 6.38] shows that one has || Eul|fecgny <

Cllul[Leo(q) as the extensions u; are obtained by a higher order reflection
technique. Therefore, we deduce

0 1-60
[ullyosro) < I EUllywosp/omny < 1Eullyysp@n) | Eull po gy
0 1-6
< C”“”W&F(Q)”“HLOO(Q)'
Hence, we can conclude the proof. U
4. STABILITY ESTIMATES

We prove Theorem 1.5 in this section. In the proof, we make use of
the exterior determination result stated in Theorem 1.2. Then we establish
Holder estimates for the function v, 2 _ Yoy Y2 in terms of 711/ - v,' "~ and
a quantitative version of [RZ22c, Corollary 3.6]. Afterwards, we prove a
reduction theorem, which demonstrates that the difference of the DN maps
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corresponding to two potentials g, , g2 can essentially be controlled by powers
of the difference of the DN maps related to the conductivities 71, v2. Finally,
using the stability result stated in Theorem 1.3 for the fractional Schrédinger
operators, we can prove Theorem 1.5.

4.1. Reduction Lemma.

Lemma 4.1. Let Q) C R" be an open set and 0 < o < 1. For all 71,72 €
L>(Q) satisfying v1(x),v2(x) > ~vo > 0, we have

-1/2 _-1/2 1/2 2 2
5) 2 =5 Pl < ClIn® = % lz=@) < Cllm = 2l g

Moreover, under the additional assumption 71/ ,721/2 € C%(Q), there holds

v 1% e cO(Q) with

- - [’72‘1/2]00@ Q
(6) 1 ) < Uw'"s i lovaqey < 7*()
fori=1,2 and 71_1/2 — 72_1/2 € CY(Q) satisfying
- - 1'% = %o
; 1/2 ., 1/2]0070((9) < 720 (©)
" 11" = "l (12 12
+ 37 ([T + (11 looa(a))-
/
o
Proof. We have
1/2 1/2
~1/2 g/ Y 1/2
2 w) =2 e = [ )‘_%w/ HCT.
Y (T) vy ()

for all z € Q and therefore the first estimate in (5) follows. The second part
in (5) follows from the estimate |a'/? — b*/?| < |a — b|'/2 for all a,b € R,

From now on assume that the functions 1, o satisfy additionally 71/ , ’y;/ 2 e

C%*(Q). Using the uniform ellipticity of 1,72, we have H")/Z-_1/2HLOO <
761/2 and

1/2
@) = 12@)] _ b leve)
2@ P T

This establishes the estimate (6) and hence v; € C%¥(Q) for i = 1,2. Next
we prove the bound (7). We have

1/2 1/2 1/2 1/2

[ -1/2 71/2] |72 N AP

N Y2 o lC%e() = 1/2_1/2 = 1/2_1/2 :
M C02(Q) Coe(Q)

;P () — 4P ()] =

2 T 2
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We have
1 =@ =W
12 (@)7 (@) 1/2<> *(y)

_ 101”0 @ e w) - 1 = 0w @)% @)
0@ @ )
|2 =@ - n” = %)@ w)
@%@ w)n )
(1" = w0 W @) -0 @) @) ‘
@@ 2w )

for all ,y € 2. Next observe that there holds
W21 () — 1 (@) (x)
— — (W) (@) — W) + 1 @) (@) = 1))

By assumption we get

=@ = nw)

_l’_

)
71/2( ) 1/2( ) 711/2( ) 1/2(y)
(1 = %) (@) = (1" = %D )]

<

SETESIE
] 1/2 721/2)(y)|< 1|72;/2(x2/; 7;/21(;;” ) 1|72%/2( 3/2 7%/21(/2)’ )
7 (@) (@) Ty (@) (W) T (©)
([’711/2 721/2] (Q)+||W%/2*721/2HL°°(Q)

1/2 1/2
Yo 73,/2 ([72 ]CO’D‘(Q) + [’71 ]CO,Q(Q)))

<

=yl
for all z,y € Q and hence there holds

—-1/2 —-1/2

o2 b ]C’Ova(ﬂ)
et W e i IR YR T 1/2
< + 3/2 (['72 ]COJX(Q) + [71 ]CO»Q(Q))‘
7o %%
O

Lemma 4.2 (Multiplication by Sobolev functions). Let Q C R™ be an open
setand 0 < s < 1. Ifu € H*(Q) and v € L>®(R™) with background deviation
m € H*"/5(R™) satisfies y(x) > 4o > 0 then there holds

(8) 72| s () < C (L + [[m| oo gy + ] grs.m/s (o)) |l 2 ()

and

©) v Pullas(e) < COQ+ lImll oo qny + Imllgrsns o) ull o)
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2||ul| g5 (). This extension exists by the quotient space definition of H*(€2).
Thus, applying [RZ22c, Lemma 3.4] to Fu € H*(R™), we deduce

Proof. Let Eu € H*(R") be an extension of u such that ||[Eullgsgn) <

Y2ull sy < VY2 Bull s emy < llmBull s emy + | Eul| s )

Iy
< C(L+ [Imllpee @) + Imll gron/s o)) [ Eull s ey
< O+ |Imllpoe @y + Ml gromss gy lull s (@)
This establishes (8). Arguing as in the proof of [RZ22c, Lemma 3.7) we

can write v~ 1/2—1—va1th _m_ < fFsn/s(R™) and sn/s(Rn) <
m+1 m+1 m+1 H (Rm™)

||mHHs,n/5(Rn). Thus, we can repeat the above estimates to obtain (9). O
Theorem 4.3. Let 0 < s < min(1,n/2), 6y € (s/n,1), 0 < e < 1 and
k € Ny satisfy
25+ €
0

k<

<k+1 and ls+e¢N V=12

Assume that Q C R™ is a domain of class C*' with bounded boundary and
the conductivities 1,72 € L*(R™) with background deviations my,my and
potentials q1, qo fulfill the following conditions:

(1) v0 < y1(x),72(x) < ’Yal for some 0 < v9 < 1,

(ii) m1,mg € HS™S(RM)NW2+E/5(Q,) with mi—mg € W @
(i1i) there exist C1,Ca,Cy, > 0 such that

23+£

90n/s(Qe)

(10) Imill grsnss@ny < C1s - Imillyastenssq,) < Co
fori=1,2 and

< Cp,-

(11) lmy = ma2 )™ o, ..
w0 o)

,0gn/s

Then there holds
1-6

1 =%
Mgy = Ago [l < CClo ([[Ayy = A [l + | Agy = A IZ + 1Ay = A [l 2 ).

Proof. Let f,g € H*(Q.) and for i = 1,2 denote by fujc € H*(R") the unique
solution to the fractional Schrédinger equation (—A)® 4 ¢; (see [RZ22c,

Lemma 3.11]). Using Lemma 1.4, we deduce for i = 1,2 and any exten-
sion e, € H*(R™) of g € H*(.) the identity

(Mg f.9) = By, (v, eq) = By (v 0,7 Peg) = (A, (2 ), 7 29).
Therefore, we obtain
(Ngy — Ago)frg) = Moy (0 2 2 0) = (M 2 )5 1 %9)
= (A, (7 20, (0% =72 ) g) + Ay (2 ) )
— (M (2 = A g = (M (), )
= (A (720, 0 =gy + (M (P =2 D) £ )

1/2 —1/2
+ (A — A2 )95 %)
=:hLh+L+13
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for all f,g € H*(Q). Next note that the assumption (i) and the fact that
solutions to the homogeneous fractional conductivity equation depend con-
tinuously on the data imply

(12) Il < C

for ¢ = 1,2 and some C' > 0. On the other hand, using Lemma 4.2, the
uniform ellipticity (i) and the uniform bound (10) , we deduce

(13) ||'Yl/2f||HS(Qe) < O||fllas.) and ||'7_1/2f||HS(Qe) < Ol flls(00)

for all f € H*(Q.) and some C > 0. Using (12), (13) and Lemma 3.1, we
can estimate I as follows:

—1/2
1] < (A [l

—1/2 —1/2 —1/2
< A el 2 fllizs o 12 = 3 Pl ot 9l s 0

Flas@o o =75 ) gl i)

—-1/2 —-1/2
< Ol =33 Pl ls@o gl e o).
By Lemma 4.1 we can upper bound the Hélder norm by

(14)
—1/2 —1/2 1/2
2 = [coste) < Cllm — 72||L/oo(ge)
2 =7 Mo I = yall 2

+ b =7 ooy <L (e loosreqn + 11 loosteon))

Y0 3/2 ‘ ‘
Yo

1/2 1/2 1/2

<C(+ 1y Jcoste(qe) + v/ Jcosteo)) 1 — ’YzHL/oo(Qe)

1/2 1/2
+ C[’)/l/ — ")/2/ ]Co,s+e(ge).
By the (supercritical) Sobolev embedding in Slobodeckij spaces (cf. [DDE12,
Theorem 4.57]) and the second estimate in (iii) we have

(15) [ Ploosreion = [milosteq,) < Clmillyasrenss@,) < C

for i = 1,2. On the other hand [DDE12, Theorem 4.57], Lemma 3.4 and
Lemma 4.1 imply

1/2 1/2
[71/ - 72/ ]COvS+E(Qe) <C|m1 - m2HW2s+e,n/s(Qe)
—0,

< Cllmy = ma|® ... 1 = mall;t, )
w % )

,007L/S(Q

1-6,
P 1-6g
< — 0 — 2
> CHm1 m2Hw2S9?)—E’00n/S(Qe)HfYI 72“[/00(96)

for all s/n < 6y < 1. Note that by assumption we have s/n < 1/2. There-
fore, using the assertion (11) and (15) we deduce from the estimate (14) the
following bound:

1-6g

—1/2 _=1/2 2 2
I = lleostean) < CCh (I =2l ooy T 171 =12l .2 q.))-

Hence, we have shown
1-6,

1
11| < CC (I = 22l 7 o () + 111 =22l 1% @ ) s (20 19l 2 (20
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Clearly the same estimate holds for I5. Finally, for the expression I3 we use
(13) to obtain

(3] < CllAyy = Ay 1l 1m0 o) 9] 122 (20 -

Therefore, using exterior stability (cf. Theorem 1.2) we have
1 1269
[Aqy = Agall < CCho ([1Ayy = Al + 1Agy = Ag 1€ 4 [[Agy = Al * )
O

4.2. Proof of Theorem 1.5. Using the reduction lemma from Section 4.1,
we give here a proof of Theorem 1.5. Throughout this section, we will
assume without loss of generality that ¢ > 0 is such that 0 < ¢ < 1 and
ls+ ¢ & N for £ = 1,2. We split the proof into three smaller technical
lemmas. The first lemma states that under assumptions of Theorem 1.5
the function m := m/'yil/ 2, where m := mj — mso, satisfies a fractional
conductivity equation connected to the conductivities v; and the difference of
the potentials ¢;. This lemma is our main tool for connecting the fractional
conductivity equation to the fractional Schrodinger equation, which will
allow us to use Theorem 1.3, once the potentials ¢; are shown to be regular
enough.

Lemma 4.4. Let 0 < s < min(1,n/2), € > 0 and assume that Q C R™ is
a smooth bounded domain. Suppose that the conductivities v1,72 € L (R™)
with background deviations my, ms fulfill the following conditions:

(i) 70 < n(x),72(x) <! for some 0 <50 <1,

(ii) my,mg € H¥ 262 (R™) and there exists C1 > 0 such that

Hmi||H4s+25,2n—S (Rn) S Cl

fori=1,2,
(iii) m :=mq —mg € H*(R™) and there exists Co > 0
(16) [(=A)*mill 1 (q,) < Ca
fori=12.
Then there holds
(17) dive(0,, Vm) = 711/2721/2((12 —q) in R,

where m = m/yim.

Proof. First note that by assumption we have m; € H 257%(]1%") fori=1,2
and thus we can calculate as in [RZ22b, Proof of Lemma 8.13]:

—A)m —A)*m
’Yi/Q’Y;/Q(QQ —q) = —7%/27;/2 <( 1)/2 2 1)/2 1)
Y2 T
=72 (=A) my =12 (=A)*m,
= (14+m2)(—=A)’m1 — (1 +mq)(—A)°mq
=14+ mo)(—=A)’m1+ (1 4+ mq)(—=A)°m
— (]_ + ml)(—A)sml
= (= A)m — m(—A)my.

—~~
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. 1/2 .
Setting m :=m/v,’", we obtain

18) A=Ay (P + 0P P m)a = n (g — @)

Using my € H?*2: (R") then we deduce from [RZ22b, Corollary A.8] that
there holds 71/21/1 7;1/21/1 € H*(R™) for all v € H*(R™) and in particular
m € H*(R™). We next observe that by the Gagliardo—Nirenberg inequality
in Bessel potential spaces (cf. [RZ22b, Corollary A.3,(iii)]) and the mono-
tonicity of Bessel potential spaces, we have

1/2 1/2
/ |

(19) ”miHH2s+e,n/s(Rn) S ||mi||H4S+25’%(R" Lo (R™)

for ¢ = 1,2. By the uniform ellipticity of ~;, ¢ = 1,2, this immediately
implies 7%/27;/2((]2 — 1) € L'*(R"). By the assumptions n/s > 2, (16)
and the uniform ellipticity as well as interpolation in LP spaces, we see that
71/272/ (g2 — q1) € L?*(Qe). On the other hand, the boundedness of € and
n/s > 2 gives 711/27;/2(@ —q1) € L?(Q). Therefore, we have 711/27;/2(@
q1) € L*(R"). Hence, multiplying (18) by ¢ € .(R") and integrating over
R"™ shows

[ careimem o de+ [ o maoi o) d

n

:/R 71/2’75/2@2 —q1)pdx.

Now the first integral is finite since m € H?*2: (R"), ¢ € .7 (R") and ~; €
L>*(R™) for ¢ = 1,2, the second integral by [RZ22b, Lemma A.10] and

Hoélder’s inequality and the integral on the right hand side by the fact that
71/272/ (g2 — q1) € L*(R™). Next let (pc)e=o be the standard mollifiers and
let me := pe * m. It is well-known that m, — m in H?*2: (R") and H*(R")
as m satisfies m € H?>2: (R") N H*(R™). On the other hand since the Bessel
potential commutes with mollification, we deduce m. € H'(R") for all t € R

as m € L2(R"). Therefore, we can calculate

[ CArOr 610 de = tim [ (-8)m(o10) ds

e—0 Rn

=lim [ (=A)m(—A)2(y)2¢) du

e—0 Rn

— [ A=) 201 %) da
o SRR CHE DN

In the first equality we used the convergence me — m in H 28,35 (R™) ase — 0,
the continuity of the fractional Laplacian and that 71/ 2q§ € L#(R"), i

the second equality that m. € H?$(R"), 1/2q5 € H*(R™) and Plancherel’s
theorem, in the third equality that m. — m in H*(R") as € — 0 and finally
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the definition of m. Therefore, we obtain

(=D ), (D)2 (12 0)) 2y + (a1 (n ), (172 6)) 12 @y

(20) 2

1/2 1
= (1" (a2 — 01); &) L2 (rn)
for all ¢ € Z(R™). Now, if ¢ € H*(R™) then we can choose a sequence
(1) ken C L (R™) such that ¢, — ¢ in H*(R™). By (20) we have

(=22 (1m0, (= A) (12 dn)) L2 ny + (1 (1>, (12 6r)) L2 ey

= <711/2721/2(QQ —q1), Pk) L2(Rm)

for all £ € N. Since 7%/27;/2@2 —q1) € L2(R"), there holds

<fy11/2’y;/2(Q2 —q), ¢>k>L2(R") — <711/2721/2(QZ —q), ¢>L2(R“)

as k — oo. Again by [RZ22b, Lemma A.10], Holder’s inequality and the
Sobolev embedding we see that

(1 ("), (’711/2¢k)>L2(R") — (@1 (1*m), (711/2¢)>L2(R”)

as k — oo. Finally, by [RZ22b, Corollary A.7] it follows that vi/2¢r — 7./%¢
in H*(R™) and hence (—A)S/Q('yll/2¢k) — (—A)s/2(’yi/2¢) in L3(R"), but
then by the Cauchy—Schwartz inequality it follows that
1/2 ~ 1/2
((=2)2 (0 m). (=) (1 61)) 2oy
1/2 ~ 1/2

= (=220 *), (= 8)2(1020)) 12
as k — oo. Hence, (20) holds for all ¢ € H*(R"™). Therefore, by the fractional
Liouville reduction (Lemma 1.4), we see that m € H*(R"™) satisfies

divy(0,, V*) = /> 2 (@2 — 1) in R
as claimed. O

Next we show that the assumptions of Theorem 1.5 imply the required

regularity and a priori bounds for the potentials g;, allowing us to apply
Theorem 1.3.

Lemma 4.5. Let 0 < s < min(1,n/2), € > 0. Suppose that the conductivi-
ties 1,72 € L (R™) with background deviations my, mq fulfill the following
conditions:

(i) 70 < (@), 72(2) < 79t for some 0 < y9 < 1,
(ii) my, mo € H¥T262:(R™) and there exists C1 > 0 such that

HmiHH45+2e,2n—S(Rn) S Cl
fori=1,2,
Then q; € H>2< (R™) for § = 2¢/3 with
||q’i||H5v%(Rn) <M,

where M > 0 depends only on vy, C1, n, s and e.
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Proof. First observe that we can write

o (_A)Smi _ S, my
I e SRS
—*(*A) mz+( A) mlmi—l—l

for i = 1,2. By the assumption (i) the first term belongs to H2+2¢2: (R™)
and hence it is sufficient to show that the second term is in H%2: (R") for
some & > 0. Now using m; € H*242 (R") N L®(R") € H*1%% (R") (see
(19)), the mapping properties of the fractional Laplacian and the Sobolev
embedding H?+2¢2: (R") < L®(R") e see that (—A)*m; € HSS(R™) N

L= (R™). Now we claim that 47 € H% 35 (R™)NLA(R™) for all 5= < g < oo.
That 5 € LY(R") follows from the uniform ellipticity of i, m; E Lz (R™)

and interpolation in LP spaces. Next define I'g := min(0, ’yé/ 2—1) and choose
I' € C;°(R) such that I'(t) = t+l for t > I'g. By [AF92, p. 156] and m; €

H*72435 (R") N L®(R™), we deduce for i = 1,2 that ['(m;) € H*2¢2: (R™),
but since m > 7, 21> —1it follows that Pl € H*+263: (R")NL®°(R™).
Moreover, [AF92, p. 156] gives the estlmate

4s5+2€ )

< C(HmiHH4s+2e,2% FAs+2e 3k 35 (R)

+ alm
oo 2l el

<C,

where a = 0 when 4s + 2¢ < 1 and otherwise @ = 1. Hence, the claim is
proved. Next define

3
pi= ﬁ, Do 1= E, ro 1= —n, sj:=¢ and 6:=-
S 2s 4s
Then there holds 1 < p1,p2, 72 < 0o and
1 0 1
- =4 =
P2 p1 T2
Moreover, since (=A)*m; € H*™PH(R") N L>=(R"), Mg € H%1up2(R™) N

L™ (R™) we deduce from [RZ22b, Lemma A.6] that there holds
m;

e € HMPRY) = H5 5 (RY).
(2

(=A)*m;

Hence, we have shown ¢; € H %%(R”) for i = 1,2 as previously asserted.
Moreover, [RZ22b, Lemma A.6 (i)] yields the estimate
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where in the second inequality we used (21) and the assumption m; €
H4$+2€,% (Rn) . O

Our final technical lemma is an interpolation statement, required for the
use of Theorem 4.3.

Lemma 4.6. Let 0 < s < min(1,n/2), € > 0 and assume that Q@ C R" is
a smooth bounded domain. Assume that 0y € (max(1/2,2s/n),1). Suppose
that the conductivities v,y € L™ (R™) with background deviations mq,ms
fulfill the following conditions:

(i) 70 < (@), 72(x) < g for some 0 < 50 < 1,
(i) my, mg € H¥T262:(R™) and there exists C1 > 0 such that
Hmi||H4s+2€,2%(]Rn) S Cl

fori=1,2.
Then there holds

™m; <C
Imill, 252 ) <

for i =1,2 and some constant C > 0 depending only on n, s,€,0y and C1.

Proof. Define

s1:=2s+€, So:=4s+ 2, p;:= E, P2 = 23 and 0:=2—1/6y.
s s

Since, 1/2 < 6y < 1 we have 0 < # < 1. Moreover, there holds 0 < s1 <

So < 00, 1 < p1,p2 < o0 and

2 1 1-—
89+6 =0s1+(1—0)sy, and — = i—|— 9.
0

Therefore, [RZ22b, Corollary A.3] implies

0 1-0
Il 253002 g < OMlescao 0,

for all w € H?+en/s(R") N H*+225 (R"). By the assumptions (i)-(ii) and
the uniform estimate (19) this ensures

HmiHszgé,eog(Rn) <C

for ¢ = 1,2. On the other hand the condition 6y > % ensures 00% > 2 and
therefore Theorem 2.2 shows

<C
(%) ) (&™)

fori=1,2. O

HmiHWQZSC,Hon/s ,0gn/s S Hmi”HQ‘;ige,Gon/s

< fmill - 2sse
w %o
We are finally ready to complete the proof of Theorem 1.5:

Proof of Theorem 1.5. We start by recalling that the homogeneous Sobolev
space H*(R™) is defined as the space of tempered distributions whose Fourier
transform belongs to L] (R") and satisfies

oy 2= [ IPIFOR < o,
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see [BCD11, Section 1.3.1]. Since H*(R™) continuously embeds into L™/ ("=29)(R™)

for all 0 < s < n/2 (see [BCD11, Theorem 1.38]), we find for any 1 < ¢ <
2n
n—2s

ey < Ol o

< C”mHHS(R”) < C(0,,Vm, Vim).

lmll oo

Testing (17) with m € H*(R™) and applying Lemma 4.4 we can estimate

/ ﬁ/Qvi/Q(qz —q)mdx

<o

+ ‘/Q 711/27;/2(611 —q2)mdz

=: 11 + 5.

Imll e < C(0,,V°m, Vim) < C

/9711/2’721/2@1 — q2)mdx

)

Observe that we have ¢; € Lz (R") for i = 1,2, since m; € H>>2: (R") and
the conductivities are uniformly elliptic. Thus, using Hélder’s inequality
and then the Cauchy—Schwarz inequality, we get

2,

L < CHQI (J2HL25 )H7 HL#(Q)

oy

1/2

< Cqu QQHLT Q)||7
<Cllq1 -

2n
L n—2s (Q)
q2 HL?% (Q)a

where in the last estimate we have used that €2 is bounded and the assump-
tion (i). On the other hand the second integral can be estimated by

1/2
Iy < Cllma?|| ey a1 — @2l 120

el 2 o
< CT (=AY mall L. + 1(=A) mall L1 0.) ImllLe@.)
Y
< Cllm| Lo (0.)

where we have used the assumptions (i) and (iii). Thus, for all 1 < ¢ <
2n/(n — 2s) there holds

22)  lmllLaq) < C||mHLTznﬁ(Q) < Clllgr = @2ll 2 () + [Imllze(ee))-

By Lemma 4.5 the assumptions in Theorem 1.3 on the potentials ¢;, i =
1,2, namely that ¢; € H%2: (R™) with an a priori bound HquH‘;’%(]R") <M,
are satisfied and we can estimate the first term in the right-hand side of (22)
as

a1 = a2l 21 ) < CollAg — Alo),

for some logarithmic modulus of continuity satisfying w(z) < C|log(z)|~¢
for all 0 < x < 1, where C,o > 0. The second term of (22) can be estimated
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by first using Lemma 4.1 as

1/2

[z = " — VQI/QHLOO(QB) <Oy — 72”2/02(96)

and then applying the exterior stability result of Theorem 1.2 to obtain

1/2
I = 7ll2 ) < CllAy — Agll.

In summary, we have shown that there holds

1 = mall o) < C (w(18q) = Agalls) + 1A — A 1?)

Next, we show that my, ms satisfy the conditions in Theorem 4.3. Sim-
ilarly, as for the estimate (19), by the Gagliardo—Nirenberg inequality in
Bessel potential spaces (cf. [RZ22b, Corollary A.3,(iii)]) and the monotonic-
ity of Bessel potential spaces, we have

1/2 1/2
[mill grsmss my < il grsemss mny < HmZHI_I/25+26 n Rn)H Z”L/oo R™)
1/2 1/2 1/2
< il e, g, g 1734122 gy < Cllmall 2 gy

for ¢ = 1,2, where in the last step we used the assumption (ii). Moreover,
by the fact that n/s > 2, Theorem 2.2, (ii) and Lemma 3.4, we have

HmiHW2s+€,%(Qe) S Hmi”WQS‘F&%(Rn S ||mi”H2-9+€v%(Rn)

1/2 1/2

< CHmiHH4s+2e,T Lo (R7)

i

for i = 1,2. Now, using the uniform bound (3 ) and the uniform ellipticity
of v; we deduce

Hm||W2s+e n/s(Q ) < C
Applying Lemma 4.6 we also see that

m; st+e < C
Il 2o

This now demonstrates that m; — mqy satisfies the condition (11) in Theo-
rem 4.3. Therefore, we can apply Theorem 4.3 to deduce the estimate

1
s = malagoy < € (1400 = Al + sy = Ao

1—6g

1% 1
A = Al )+ iy = Al

< -2 Since 6o € (1/2,1) we have ﬂ € (0,1/4). Hence,
there holds x < xl/? < ac 2 for all 0 < x < 1. Therefore, we obtain

1 1-0g
o (HAWI Aol Ay = A+ Ay — Anlls? )

10
<w (3 - 41 ).

By the assumptions ||A,, — A, [« <379, 0<d < %, we have

for all

1-6 1-6

0 70
1Ay = Ap I ® <Ay = Al ®

-0
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Using the fact that w(z) < C|logz|~? for 0 < z < 1, we deduce

1 1-6g
y (nAm Al Ay — Al (1A, — Ay )
< Cw (A — Angll).

Next we observe that there holds zl/2 < Cllogz|=@ for all 0 < z < 1
and some C' > 0. To see this, observe that this estimate is equivalent to
Cz~ 1?2 > 277 1og x*1/2]”. Since 0 < z < 1, this is the same as logz~ /2 <
%/o(xflﬂ)l/", but it is well-known that there holds log(y) < y"/r for all
y > 0 and r» > 0. In fact, the last assertion is a straightforward consequence
of the inequality log(z) < z — 1 for all z > 0 by applying it to z = y" with
y >0, r > 0. Hence, the above estimate holds with C' = (20)?. This finally
shows

1A = A [l < Cllog([[ Ay = Ao [l4)[ 77 = Cw([[Aqy = Asgls),

and we can conclude the proof. O

5. PARTIAL DATA REDUCTION WITH MINIMAL REGULARITY ASSUMPTIONS
ON THE DOMAIN

For the sake of completeness and possible future work on low regularity
settings, we record a proposition considering a quantitative partial data re-
duction to the Schrodinger case with minimal assumptions on the domain
Q). These improvements come with the cost of having certain restrictions
on the considered sets of measurements but on the other hand also allow a
simpler proof. Furthermore, Proposition 5.1 is strong enough to conclude
Theorem 1.5 after minor changes to the proof and using the partial data
stability result for the Schrodinger case in [RS20]. This argument however
does not establish the quantitative reduction "up to the boundary” like the
proof of Theorem 4.3. In particular, this approach avoids using W*P spaces
and the explicit extension operators, which in part explains why the bound-
ary regularity questions are not encountered and the proof is considerably
simpler.

Finally, we emphasize that the partial data reduction to the Schrédinger
case does not directly imply partial data stability for the conductivity case as
the partial data uniqueness result is based on an additional unique continu-
ation argument for the conductivities (see [CRZ22, RZ22c]) and the authors
are not aware of quantitative unique continuation results of the following
type: Let 1 < p,q,r < o0, s,t > 0 and W C R" be a nonempty open set.
For all u € X C H"(R") there holds

(23) lull Lo @ny < E(I(=2)"ullrwy, lull o owy)

for some continuous function F' : [0,00) X [0,00) — [0, 00) with F(0,0) =0
and independent of u € X where the set X encodes possible a priori assump-
tions. For the relevant regularity assumptions and choices of p,q,r, s, t, see
[CRZ22, RZ22c] where u = mj—ms is the choice of u in our possible applica-
tion. Such estimates for the special case u|y = 0, i.e. [lu|| ey = 0, could
already give new results towards the stability of the partial data problems
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for the fractional conductivity equation. In general, estimates of the type
(23) would be interesting also in other function spaces and norms.

Proposition 5.1. Let 0 < s < min(1,n/2), s/n < 0y < 1 and € > 0. Let
Q C R™ be a nonempty open set bounded in one direction. Suppose that
the conductivities y1,v2 € L (R™) with background deviations mi,my and
potentials q1, g2 fulfill the following conditions:

(i) 70 < m(2),72(x) < 79" for some 0 <o < 1,
(ii) There exists Cp > 0 such that

Hmz'HH%,eon/s(Rn) < Co.

fori=12.
Let Wi, Wo, W € Q¢ be nonempty open sets such that Wy UWs € W. Then
there holds

|Ag — AqQHﬁIS(Wl)‘)(ﬁS(WQ))*

1-6g

— ~ ~ _ 2
< OO = Aol ary ey + W = Aol ey
where C' > 0 depending only on s,€,n, €2, Cy, 0y, W1, Wo, W and ~q.

Proof. Suppose that f € C°(W;) and g € C°(W3). Choose a smooth
cutoff function n|w,uw, = 1, 0 <1 <1 and supp(n) C W. We explain next
how to modify the proof of Theorem 4.3, in order to obtain the quantitative
partial data reduction result. To do so, we will establish sufficient estimates
next. We first note that m;, my € H25T™/$(R") D H*"/$(R") with explicit
bounds for the norms by (i), (i), the Gagliardo—Nirenberg inequality in
Bessel potential spaces and the monotonicity of Bessel potential spaces.
Therefore we may continue the proof of Theorem 4.3 up to the point where
we have the terms I1, I, I3 as in the proof of Theorem 4.3.
Since W7, Wy C W, we have

|I3‘ < CHA% - Aw”ﬁs(w)_)(f{rs(w))*HfHHS(R")HQHHS(R")'

as in the earlier proof.

We may suppose, by taking e smaller if necessary, that 0 < e < 1 — s and
2s 4 € is not an integer by the monotonicity of Bessel potential spaces. For
the term I;, we may calculate that

—1/2 —1/2 —1/2
] < 1Al ey gy I Pl @l 072 = 95 ) g s ey

/2 7;1/2)

< CHAM ||f{rs(w)_>(ﬁs(w))* ||f||HS(R") ”77(7; HCO»S+€(R”)||9||HS(R")

since g = ng. We may then estimate using the embeddings to Holder spaces,
Gagliardo—Nirenberg inequality in Bessel potential spaces, the formula (5),
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boundedness of the multiplication with 7 and support conditions, that

—1/2 —1/2
(% = /)||00s+e(Rn)

—-1/2 —1/2
< CllnOr 2 = 35 )| gzeteonse g

< Cllp(y * =5 )| % In(y 7 =~ V)L

H%’GO"/S( Le=®™)
—1/2 —1/26, 1 2,11-6
<O = ey M = P
H % 70" (Rm)
0 _
ma | I —wu%
m1+1 mg o+ L || B o gy Lee(W)

1-6

< Cliv =22l .2y

where in the last step we used the triangle inequality and a composition esti-
mate for functions in Bessel potential spaces (see e.g. [AF92] and references
therein). In fact, for any ¢ > 0, 1 < p < o0, 6 > 0, there exists a poly-
nomial function P: R? — R (of degree at most ¢ + 1 and with nonnegative
coefficients) such that

= P(Hm”Htm(Rn)a HmHLOO(]R”))
HtP(R™)

Hm—i—l‘

for all m € HYP(R™)N L (R™) with m+1 > §. This can be argued similarly
as (21) in the proof of Lemma 4.5 but we decided to recall this alternative
estimate here. This let us conclude that

(L] < Cllfll s @ 9l s @y Ay = A

by the exterior stability estimate (Theorem 1.2) since 71,72 are continuous
by (ii). This is possible since the exterior stability estimate also holds for the
considered partial data, i.e. ||y1—7al|Lcw) < Cf|A,, —A

1-6

T2
el gy izs vy

2l s Wy (s wy)=-
We may argue similarly with I», which completes the proof.

Remark 5.2. Theorem 4.3 could be also adapted into the partial data setting
as in Proposition 5.1. We omit presenting these details.

6. EXPONENTIAL INSTABILITY

In this Section we complement the above considerations about stability
with an instability result in the flavour of [KRS21]. We start by recalling the
definitions of e-discrete sets and §-nets. These can be given in the setting of
a generic metric space (X, d).

Definition 6.1. Let (X, d) be a metric space, and assume €¢,6 > 0. A set
Y C X is said to be e-discrete if for all y1,y2 € Y with y1 # yo it holds
d(y1,y2) > €. A set Z C X is said to be a §-net for a set X1 C X if for all
x € X1 there exists z € Z such that d(x,z) <.

We can now prove Theorem 1.7, which shows that the exponential stabil-
ity obtained in Section 4 can not be improved. For this result it will suffice
to consider conductivities whose exterior value is the constant 1.
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Proof of Theorem 1.7. Define the set
Xeep = {f € Ce(B1); I fllz= < e [Ifllce < BY,

and let X tep = 1+Xy5. By [Man01, Lemma 2] (see also [RS18, Lemma 3.4])
we deduce the existence of an e-discrete set Z C Xge/g of cardinality

121 = exp (C(8/0)""),

with C = C(f,n) > 0, where Xy is seen as a metric space with respect
to the L* norm. By careful construction, it is also possible to ensure that
1<~ <2forall y € Z (see [Man01, Proof of Corollary 1]). Let now y € Z,
and let g be the corresponding transformed potential. Since v > 1, for all
v € H*(B;) we get

<diV5@7VS’U, U>H—5(Rn)XHs(Rn) = B,Y(U, U)

> ||(=A)*0]|72gn

2 )‘17S||,UH%2(B1)7

where Aj ¢ is the first Dirichlet eigenvalue of (—A)® in B; (see e.g. [RS18,
Proof of Lemma 3.2]). Therefore, by the fractional Liouville reduction

(A + @0, v) g-s@nyx s &) = (diva©®, V(v 20), 77 20) s o) 1= (r)

> Aslly 20l 2

A1,
> Moz,

and eventually ||((—A)* +Q)_1||L2(B1)%L2(Bl) < /\12,5‘

Since m := /2 — 1 > 0, for the potential we compute

A)*m

S =AY M| poo g,y < [[(=A) M| oo (gn) -

g = H -
L (By)

14+m
Observe now that the fractional Laplacian (—A)® acts as a bounded operator
between C” and C"~2¢ for any r,r — 2s € R* \ N. In order to see this, write
the symbol as

€12 = p(€)IE* + (1 — (&) Ief*,

where ¢ € C2°(R"™) is 1 near the origin. The second term on the right hand
side belongs to Hérmander’s class S%3 ‘0, and thus has the correct mapping
properties (see e.g. [Tayll]). The first term on the right hand side cor-
responds to a convolution operator with kernel k = F~1(z) » F~1(|£]?),
which is L' as a convolution of a Schwartz function with a homogeneous
function of order —n — 2s. Therefore u — k * u is bounded between any
two Holder spaces by the Fourier characterization of Holder spaces ([Tri83,
Section 2.3.7]). Thus

S IEA Ml gess@ny S Imllcegn) -

lgllzoe(By) S
Moreover, v € ZcX tes implies

m24+2m=(m+1)2—1=v—-1¢ Xyp,
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and thus in particular m? 4+ 2m € C%(B;). Define the function F: z

v 1+ x — 1, which is smooth for non-negative x and has the property that

F(m? +2m) = m. Since C? is closed under composition with smooth func-

tions, we have m € C%(By) as well, with Imllcesyy S Ilm? +2mllcecp,).-
Eventually

lallzeey) S lmllgeny S 17 = lces,) < B-

We shall now apply [RS18, Proposition 2.4]. Observe that the eigenvalue
condition of the said proposition is not needed here, because in this case the
potential ¢ comes from a fractional Liouville reduction, and so the Dirichlet
problem for the transformed operator is already known to be well-posed.

Recall that {fs;} is the basis of L?(B; \ B) constructed in [RS18,
Lemma 2.1]. The operator I'(q) := A, — Ag mapping L?(B3 \ Ba) to itself is
completely characterized by the quantities

ha,ko,l .
ahi,kili(q) :

= (T(D) frs 15 Fha kol ) 125\ B -
Let
X :={I'(¢g); g€ QI (g)lx <oo},
where Q is the class of all transformed potentials, and
ID(@)lx = sup (1+max{hy + ki, by + ko))" 2031242 (0).

By [RS18, Proposition 2.4] we obtain

haka,l - , _
\ahi,kf,lf(‘m < Chse St hz+k2}||QHL00(Bl)H((—A)s +q) 1||L2(B1)—>L2(Bl)

< C;l75,86_cmaX{hl+kl7h2+k2},

which means that if v € )?ggﬁ then I'(q) € X.

With this in mind, we can follow the proof of [Man0l, Lemma 3] (see
also [RS18, Lemma 3.2]) to construct a §-net Y for the image under I': ¢ —
Agq—Ag of the set of potentials corresponding to conductivities in X tes- Here

0 := exp (—ei (2”13)4), and the cardinality of Y is
Y] < Bexp (C”e_"/g) .

It is clear that for § large enough it must hold that \2 | > |Y'], which means

that there exists two conductivities v1,72 € Xeeg With |71 — 72/l pe(p,) > €
and

1Ag — Al 2By s 20 ) S T (@) — T@)llx S 6.

in light of the fact that A, is a bounded operator L?(Bs\ Ba) — L?(Bs\ B2)
(see [RS18, Remarks 2.2, 2.5]) and the related estimate [RS18, eq. (21)].

Since y; = 72 = 1 in R™\ By, by [CRZ22, Lemma 4.1] we deduce A, = A,
as operators on H*(R™\ B1) — (H*(R™\ By))*. This lets us conclude that
HA'Yl - A'Y2 HHS(BQ,\PQ)—)(H‘S(BS\EQ))* S HAQI - Aq2HHS(B:;\EQ)—)(HS(B:),\PQ))*

< HAth - AfIzHLQ(Bg\Eg)—)L?(Bg\Ez)
<s O
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APPENDIX A. PROOFS OF AUXILIARY RESULTS

Proof of Lemma 3.1. Statement (i) has been essentially proved in [DNPV12,
Lemma 5.3] but under the assumptions 0 < ¢ < 1 and u = 1. We give a
proof of this slightly more general result here for the sake of completeness.
Since CO#(2) C L>®(2), we have ||¢ullrp(q) < ]l @)llull o) and hence
it remains to control the Gagliardo seminorm. We have

¢u Ws:p(Q // | ¢ux_ ’n—i—s;l)i( )| dxdy
[/ eI — e+ (01 P sy

o=yl

<o ([ [ 1te) S, dw// )~ SR )

<2t " |0z )P lu(y)|P |
=7 <H¢” > [ wer(@ / / ’1‘ — y’n-i-sp dxdy
Now we write
|p(x y)|P|u(y) |6(z V)P lu(y) [P
// ’x— |n+sp d dy = // ]x— ’n+sp XB (y)(7) dxdy
)P |w
/ / kb ’:C— |n’+|sp( )| XBi (y)¢ ( )d:cdy— I + I,

where x4 denotes the characteristic function of the set A C R™. Next we
estimate I7, Is. We have

dx
P p _—
I < [Pl o) /Q u(y)] (/Bl(y) |z — y’n+(s—u)p> dy

dz w
_ [P p _ n P P
= [d’}co,u(g)”uum(g) /Bl(o) |z|"+(5*“)p = (1 — s)p[¢]00,u(Q)Hu||LP(Q)

and

dzx
I < 27|¢||" /pr/ — | dy
2 Sl [ WO ([

dz 2Pw,,
= D6l gyl | o T = e Il
1

where wy, is the area of the unit sphere. Therefore, we get

2Pw, Wn,

(1 —s)p
p
S C (1 + S(/j,—S)) H(bHCO,u HU’HWSP ()

where C' only depends on n and p. This establishes the assertion (i).

[ullyopy < 20711+

gy + (W0 llulyeney

Now let s = k+ o with kK € Nand o € (0,1). By classical results we have
pu € WhP(Q) with pullwery < Clloller@yllullwrsq) for some C > 0
only depending on n,k and p. Thus it remains to estimate the Gagliardo
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seminorm of 0%(¢u) for all multi-indices « of order k. By the Leibniz rule
we have

0% (¢w)]weony < C D[0P 90 ulyyonq)

B<a
<C Z (097 P $0P ulyyown () + Cle0*ulwow ()
B<o: a#B
1
<0 X (1) Il P ulwesia)
B<La: a#p

1 1/p m 1/p
<c (1 n ) <1 + ) S 1056l om0 ullwiaey
) 0))  g<hazs

1/p
1y ol

1 1/p " 1/p [ k ,
1+ ‘7(1—U)> (1 " 0'(,1L—0')> Z IV ¢llcon) | llullwsr)
(=0

for all & € N with |«| = k and some constant C' > 0 only depending on n, k
and p. Here, we used the bound from the case 0 < s < 1 and the coefficient
in the forth inequality comes from the embedding W1P(Q) — WP(Q)
(see [DNPV12, Proposition 2.2]). O

Proof of Lemma 3.2. First note that dist(supp(u),Q¢) > d > 0. In fact,
for x € supp(u) C Q, y € Q¢ consider the curve v: [0,1] — R"™ with
~v(t) := x4+ t(y — x). Then there exists ty € (0,1) such that v(ty) € 9Q
because otherwise one would have [0,1] = 7~ 1(Q) U~y 1(Q) which is not
possible. But then |z —y| > |x — v(fo)| > d > 0. Next we distinguish the
cases 0<s<1l,s=keNands=k+owithkeN,0<o<1.

Case 0 < s < 1: Clearly, we have [|@||pp®n) = ||u||r(o) and thus it remains
to show [@]yys.p(grny < CHuHWs,p(Q). By symmetry we can split [t]yys.pgn) as

Ja(z) — a(y)l? / Ju(z) — u(y) P
dxdy —d d
/ / . |x—y\n+sp o |x—y|n+sp Y
Wz [ [
dxd 2 dxd
e e [ [ daty
dy
~ vy +2 [ o ([ ) s
e supp (u) c |z —y|" P

For any x € supp(u) there holds Bg/s(z) C €2 and hence we have

dy < dy B o pnl o wy, (AT
_ o|n+sp dy < _ oy|ntsp T Wn n+sp dr = — 5 :
Qe |7 =yl Byys(x)e [T =Yl a2 T sp
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Therefore we get

< [uly

Ws’p(Q) + SpHuHip(Q)

1P 1+spﬁ —
[u]Ws,p(Rn) 2 : d

This shows

s

_ 2 s
[allwsp@ny < C <1 + Wd > [ullwsr (-

Case s = k € N: Let Q3 C Q be the d/2-neighborhood of supp(u). Let
¢ € C°(R™). Then supp(¢) N Qy = 0 or supp(¢) N Qy C Q is a nonempty
compact set. In the latter case choose a cutoff function 73 € C°(€), 0 <
ng < 1 with |y = 1, where V € Q such that supp(¢) N Qy C V. Then for
any u € WHP(Q) there holds

/ i da = / wnabid da — / udi(nad) di — / uddimg dx
_ /auw /au d—1>¢da;—/(au)¢dx
= —/Q((?iu)gbd:v =— | OJugdx

]Rn
for all 1 <+¢ < n. This identity clearly also holds if the intersection is empty.
Thus 9;u = Gju € LP(R™) for all 1 <4 < n. Hence, if u € WP(Q) then u €
WLP(R™) and by the previous case there holds ltllyw1e@ny = llullwie@)-

By induction we see that for any k& € N we have 4 € W*P(R") whenever
u € WkP(Q). Moreover, there holds lallwremny = llullwrp -

Case s =k + o withk € N, 0 < o < 1: This follows immediately from the

previous two cases. O
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