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Abstract

Axially moving material problems are concerned with the dynamic response, vibration and stability
of slender members which are in a state of translation. In Finland these are particularly important in
thefunctioningof paper machines, in which out of planevibration in thepaper web, known asflutter,
which from the point of view of mechanics is a phenomenon typical of an axiall y moving material,
limits operation speeds and therefore the productivity of the machines. This subject li nks together a
number of physical phenomena associated with aerodynamics, web movement, material behaviour
and the geometry of the system. The aim of this research is to present a theoretical and numerical
formulation of the nonlinear dynamic analysis of an axially moving web.

The theoretical model is based on a mixed description of the continuum problem in the context
of thedynamicsof initiall y stressed solids. Membraneelasticity is included viaafinitestrain model,
and the membrane transport speed through a kinematical study. Hamilton’s principle provides
nonlinear equations which describe the three-dimensional motion of the membrane.

The incremental equations of Hamilton’s principle are discretized by the finite element method.
The formulation includes geometrically nonlinear effects: large displacements, variations in
membrane tension and variations in transport velocity due to deformation. This novel numerical
model was implemented by adding an axially moving membrane element to a FEM program which
containsacoustic fluid elementsand contact algorithms. Thisallowed analysisof problemsincluding
interaction with the surrounding air field and contact between supporting structures.

The model was tested by comparing previous experiments and present nonlinear description of
the dynamic behaviour of an axially moving web. The effects of contact between finite roll s and the
membrane and interaction between the surrounding air and the membrane were included in the
model. The results show that nonlinearities and coupling phenomena have a considerable effect on
the dynamic behaviour of the system. The nonlinearities cause a noticeable stiffening of the
membrane, and thevibration frequency of nonlinear systemincreasesastheamplitudegrows. At high
valuesof transport velocity thefirst modefrequency passesover thesecond linear harmonic, and even
the third. The results also show that the cylindrical supports have a distinct influence on the
behaviour of an axially moving sheet. Theboundary of thecontact region clearly movesand weakens
the nonlinear hardening phenomena that otherwise increase the fundamental frequency. This
influence strengthens as the radius of the cylinders increases.

Keywords: FEM, geometric nonlinearity, vibration, paper web
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Nomenclature

The general notation practice used here is the following. Italic letters indicatescalars, and
with right indices they denotetensor components. Upper case bold letters indicatetensors
in a three-dimensional coordinate space and lowercase bold letters indicatevectors.
Matricesandcolumn vectorsare denoted by bold and italic letters.

Index notations

Standard tensorial notations will be used. A left superscript indicates in which
configuration the quantity occurs and a left subscript shows the configuration with respect
to which the quantity is measured. For example, a Green-Lagrange straino

Fγαβ at stateFχ is
measured with respect to the natural stateoχ. If the quantity considered occurs in the same
configuration in which it is measured, the left subscript will be omitted and incremental
quantities will be shown without left superscript. Right Greek letters are tensor indices
reserved for surface quantities and have only the values 1, 2, while lowercase Latin indices
take values 1, 2, 3 and uppercase Latin indices values from 1 to the element node number.
The summation convention for repeated indices applies unless otherwise indicated.

Symbols

Definitions are given for most of the symbols in the text. The numbers of the chapters or
sections describing the usage of symbols are given in parentheses.

Latin letters

A, Ao area of the cross section of a string (deformed, initial) (sec. 2.1.2)
A area of the middle surface of a membrane (chapters 3 and 4)
A vibration amplitude of the middle point of a free span (chapter 5)
Ao amplitude of the boundary motion (chapter 5)
a determinant of the metric tensor of the middle surface (chapter 3 and 4)



ao nondimensional vibration amplitude of the middle point of a free span (sec. 5.2)
aαβ covariant components of the metric tensor of the middle surface (chapters 3 and 4)
a acceleration vector of a string particle (sec. 2.1.2)
a acceleration vector of a membrane particle (Appendix A)
aα covariant base vector of the middle surface (chapters 3 and 4)
BL, BNL linear and nonlinear strain-displacement matrix (chapter 4)
b width of a membrane
C material property matrix (sec. 4.1)
Cf effective damping matrix of air (sec. 4.2)
Cu boundary curve of the fixed displacement boundary of a membrane (chapter 3)
Cσ boundary curve of the free boundary of a membrane (chapter 3)
Cαβγλ components of the elasticity tensor (chapter 3 and 4)
c transverse wave speed (chapter 2)� TDm
ca sound speed (sec. 2.2)
D damping coefficient (chapter 5)
d column vector of the displacement gradients (chapter 4)
E elastic modulus (chapter 2 and 5)
ei unit normal base vectors (chapter 3 and 4)
F column vector of the internal force (sec. 4.1)
FG column vector of the gyroscopic force (chapter 4.1)
Ff column vector of the fluid load (sec. 4.3)
F nondimensional frequency (chapter 5)
f body forces (chapter 3)
f external forces per unit length(chapter 2)
f frequency (chapter 5)
G gyroscopic inertia matrix (chapter 4)
h thickness of a membrane
I 1, I 2, I 3 local base vectors of a string configuration (sec. 2.1.2)
KL linear stiffness matrix (chapter 4)
KG gyroscopic stiffness matrix (chapter 4)
KNL geometric stiffness matrix (chapter 4)
Kf equivalent stiffness matrix of air domain (sec. 4.2)
L, l span length
M mass matrix (chapter 4)
Mf mass matrix of air domain (sec. 4.2)
m mass per unit length (chapter 2)
mo initial mass per unit length (sec. 2.1.2)
m mass per unit area (chapter 5)
ma added mass per unit length (sec. 2.2)
N shape function matrix (chapter 4)
NA shape function ofAth node (chapter 4)
n edge force per unit length (chapter 3)
n outward normal vector of the fluid boundary (sec. 2.2)
n matrix of the stress components (chapter 4)
n̂ column vector of the stress components (chapter 4)
nαβ components of the Cauchy stress resultant tensor (chapter 3 and 4)



ñαβ components of the second Piola-Kirchhoff stress resultant tensor (chapter 3)
PA pressure of nodeA (sec. 5.2)
p surface load per unit area (chapter 3)
p pressure (sec. 2.2 and sec. 5.2)
R column vector of the external force (sec. 4.1 and 4.3)
R coupling matrix of the fluid-structure interaction (sec. 4.2)
R acoustic resistance (sec. 2.2)
r radius of supporting cylinders (sec. 5.5)
s arc length (sec.2.1.2)
T kinetic energy (chapter 3)
T normal force in string (chapter 2)
t tangential base vector in direction ofθ 1 (sec. 3.2)
t, τ time
U strain energy (chapter 3)
u displacement vector of a string configuration (sec. 2.1.2)
u displacement vector of a membrane configuration (chapters 3 and 4)
u column vector of the element nodal displacements referred to fixed baseei (chapter

4)
u transverse displacement (chapter 2)
un displacement to direction of the surface normal (sec. 2.2)
V nondimensional axial speed (chapter 5)
v, v α transport velocity vector
v2 matrix of the transport velocity components (chapter 4)
v̂2 column vector of the transport velocity components (chapter 4)
v transport speed (chapter 2)
v wave speed in air (sec. 2.2)
vl longitudinal stiffness parameter (sec. 5.2)
vcr critical transport speed (chapter 5)� n11Dm
w velocity vector of a string particle (sec. 2.1.2)
w velocity vector of a membrane particle (chapter 3)
W work of external forces (chapters 3 and 4)
W* strain energy density (chapter 3)
x position vector of a membrane configuration (a sample point) (chapters 3 and 4)
x column vector of the element nodal coordinates referred to fixed baseei (chapter 4)
x, y Cartesian coordinates

Greek letters

α parameter of added mass depending relationL/b (sec 2.2.1)
α Newmark integration parameter (chapter 4)
β parameter of added mass depending relationL/b (sec. 2.2.1)
β absorption coefficient (sec. 2.2.2)
γ amplitude decay factor (chapter 4)
γαβ components of the Green-Lagrangen strain tensor (chapter 3 and 4)
δ variation operator (chapter 3 and 4)



δ Newmark integration parameter (chapter 4)
ε column vector of the linear strain (chapter 4)
… perturbation coefficient (sec. 5.2)
εαβ components of linear part of the Green-Lagrangen strain tensor (chapters 3 and 4)
ηαβ components of nonlinear part of the Green-Lagrangen strain tensor (chapters 3 and

4)
i nabla operator (chapter 3)
θ α components of the convected coordinates of a membrane configuration (chapters 3

and 4)
κ curvature of coordinate curveθ 1(sec. 3.2)
Λ span length after Galileo and Lorenz transformation (sec. 2.4)
µ friction coefficient (sec. 5.5)
ρ mass density of a membrane
ρa air density (sec. 2.2)
† unit normal vector of the membrane boundary (chapter 3)
χ configuration of a string (sec. 2.1.2)
χ configuration of a membrane (chapters 3 and 4)
ω angular frequency

Notations of differentiation

Partial derivatives respect to convected coordinatesθ α will be denoted to the following two
ways

j x

j θα
� x,

α

and similar notations will be used with the time derivatives

dx
dt

� x,t
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1. Introduction

The productivity of paper machines is limited due to maximum operating speeds, since
building even wider machines is no longer profitable. One of the most serious obstacles to
high speed operation has been web flutter (vibrations) which causes quality problems or
breaks in the web. The flutter problem in paper machines producing lightweight papers can
be serious in or near the dryer section, where the paper web has to pass over a span without
a supporting wire, felt or conveying band. The problem will be solved in new paper
machine constructions by escorting paper web over the critical locations with a felt or
conveyor belt. The operating speed will increase, but the flutter phenomenon and the need
for a good knowledge of it will not decrease. On the contrary, the dynamic behaviour of
wires, felts and conveyor belts and of flutter of the paper web in places where escorting is
impossible will become even more critical.

From the point of view of mechanics, the out of plane vibration, or flutter, is a typical
phenomenon of axially moving material, encompassing systems such as pipes containing
flowing fluid, moving strings and belts, high speed magnetic tapes, printing presses etc.
Recent developments in research into axially moving materials are reviewed by Wickert &
Mote (1988), Arbate (1992) and Païdoussis & Li (1993). A paper sheet is a good example
of a thin membrane which is in a state of translation. The subject is a well-known one as
far as linear cases are concerned. The first analyses of the flutter of a moving web were
performed using analytical "travelling thread line" models (Mujumdar & Douglas 1976,
Pramila 1986,1987). The cross direction variation in web motion was neglected by
assuming that the entire web width deflects uniformly, and the surrounding air was
modelled as an added mass. The importance of the surrounding air for light webs was
noticed at that stage, however, and it was shown to affect the natural frequencies and
critical speed of the web. Later a web was modelled as a linear membrane and the
surrounding air with an incompressible (Niemi & Pramila 1987) or compressible fluid
model (Laukkanen & Pramila 1997).

To cope with flutter problems, we need to identify the causes and mechanisms of flutter.
Despite numerous studies there is no consensus about the main causes, and the mechanisms
are not clearly understood. This subject couples several distinct physical phenomena
associated with aerodynamics, web movement, material behaviour and the geometry of the
system. (Chang 1990). Simple linear models are not enough, and there is a need for more
complicated models which combine these physical phenomena and include nonlinear effects
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(Wickert 1992).
The objective of this paper is to present a nonlinear theoretical model for a prestressed,

axially moving membrane, including the effects of large deflections, variation in tension
along the membrane and variation in transport velocity due to deformation. Incremental
equations are developed in the same way as in the analysis of prestressed elastic structures
outlined by Reismann & Pawlik (1977) for hyperelastic solids and applied by Luongoet
al. (1984) to an elastic cable and by Perkins & Mote (1987) to a travelling cable. Membrane
elasticity is included via a finite strain model and the membrane transport speed through
a kinematical study, which, with the convected coordinate, allows variation in transport
motion to be considered as well. The equations of motion are developed using Hamilton’s
principle. The general theory of an axially moving arbitrary membrane is applied to two
theoretical applications: an axially moving web passing over two finite supporting
cylinders, and an initially plane axially moving web between fixed simple supports.

A numerical formulation based on finite element analysis (FEM) is presented that
includes the above capabilities. This is implemented into a commercial FEM program
which contains acoustic fluid elements and contact algorithms. Hence analyses of problems
containing interaction with a surrounding air field and contact between supporting
structures are possible. A numerical model is used to estimate the influence of geometrically
nonlinear effects, contact and surrounding air on the dynamic behaviour of the axially
moving membrane.



2. Background to the phenomena and system considered

2.1. Axially moving material

2.1.1. Characteristics of axially moving material

The problem of axially moving materials is an extensive one that encompasses such
apparently diverse mechanical systems as the paper web in a paper mill or printing press,
on/off winding of textile fibers and paper, filament winding of composite components, high
speed magnetic tapes, power transmission chains and belts, band saws, pipes conveying
fluid etc. Vibration is generally undesirable in such systems, but it is characteristic of
operation at high transport speeds. Transverse motion in wide band saw blades, for
instance, results in poor cutting quality and increased residuals. For tape drives that operate
in a longitudinal recording format, vibration of the tape against the recording head
accelerates wear and modulates the recorded or replayed signal.

The following typical features dominate the dynamic response of an axially moving
material in the linear range (Wickert & Mote 1991).

(1) Disturbances travel at different speeds in the upstream and downstream directions.
In the upstream direction the wave propagation speed is the difference between the
transport speedv and the wave propagation speed in a nonmoving structurec,
v > c, while downstream these are summedv + c. (Fig. 1a).

(2) Transverse vibration does not have a constant spatial phase, and therefore material
particles pass through the equilibrium at different times, see Fig. 2. The phase
shift becomes more visible as the transport velocity increases.

(3) Natural frequencies decrease monotonically with speed, and reach zero at the
critical value wherev = c (see Fig. 3). This happens because the propagation of
disturbances upstream stops and divergence instability occurs. With a travelling
string, all its natural frequencies vanish at the same speed, but with a travelling
beam the natural frequencies vanish at their own critical speeds because of
dispersion.
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0 L
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u(x,t)

a)

b)

f(x,t)

Fig. 1. a) Propagation of a disturbance in an axially moving material (Lee 1968).
b) Model of an axially moving string.

Fig. 2. Fundamental mode of a travelling string over a half period of motion.
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Fig. 3. Fundamental frequency of a travelling string as a function of transport speed.

mu,tt � 2 mv u,xt � m v2
� c 2 u,xx � f , (2.1)

(4) The stability of an axiallymoving structure can be lost in three characteristic ways
- divergence instability at the critical speed,
- flutter instability at a speed above the critical value, and
- Mathieu-type instability due to parametric excitation.

From a mathematical standpoint, the above characteristics arise from Coriolis and
centripetal inertia terms in the equation of motion which force the eigenfunctions to be
complex. For instance the equation of motion of a travelling tensioned string shown in
Fig. 1b is

whereu is the transverse displacement,m is the mass per unit length,v is the transport
speed andc is the wave propagation speed of a string which is square of tension forceT per
massm or . The transverse displacementu(x,t) is measured in the Eulerian sense,TDm
and the material particles experience the localmu,tt , Coriolis 2mv u,xt and centripetalmv2

u,xx acceleration components in locationx at the timet. Other terms in equation (2.1) are
the effect of a normal forceTu,xx and the external forces per unit lengthf. Although there
is a single temporal derivative of displacement in the Coriolis term suggesting viscous
damping, the model includes no dissipation.

There are two obvious shortcomings in the linear theory, which become still more
apparent with increasing transport speed. First, the linear theory does not take into
consideration the geometrical nonlinearities: tension variation due to transverse
displacement and the effect of variations in transport velocitydue to deformation. Especially
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Fig. 4. Fundamental frequency of a travelling beam as a function of transport speed with a
linear (-----) and a nonlinear ()))))) theory, whereε is the perturbation coefficient,ao is
a amplitude and vl is stiffness parameter (Wickert 1992).

at near-critical speeds, where the modal stiffness is small, these nonlinear elements
dominate the dynamic response. (see Fig. 4). In general, the linear theory underestimates
stability in the subcritical range, overestimates it for supercritical speeds and is most limited
in a near-critical regime (Wickert 1992).

Secondly, a linear theory cannot describe bifurcation from the straight configuration to
curved equilibrium states in a supercritical transport speed regime, nor local motion about
the equilibrium or global motion between coexisting equilibria. In practice sudden
bifurcation will hardly be detected, as it happens smoothly from straight to curved with the
increase of transport speed (Wickert 1992).

The above conclusions are valid for a model of a taut geometrically perfect (straight)
axially moving material. In some applications, however, the effect of a geometrical error
arising from initial curvature, for instance, cannot be eliminated by system tension. Sources
of initial curvature include bending moments generated by supporting wheels and pulleys,
sag due to gravity, material imperfections and guide misalignment. Although these
imperfections are usually small, they can play a dominant role in the dynamic response of
a system (Hwang & Perkins 1992a). For flexible materials, such as cables, initial curvature
due to gravity sag leads to a stabilizing “speed-tensioning effect” (Perkins & Mote 1989).
This means that the curved equilibrium state does not have “a critical speed” at all as the
taut string model would predict. There also exists another equilibrium state in which the
element may stand up vertically in the shape of an arch. Both theory and experiment
demonstrate that this arch-like equilibrium can also be stabilized at sufficiently high
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m v x v,xx� v x,t �

1

1� u,2x

j

jx
T

1� u,2x

m u,tt � 2 v x u,xt � v x 2 u,xx �

T u,xx

1� u,2x

T� E Ao

mo

m
� 1

j

jx
mvx 1� u,2x �

j

j t
m 1� u,2x � 0

(2.2)

translation speeds (Perkins & Mote 1989, Perkins 1989).
The consideration of systems including flexural stiffness differs in some sense from the

above. In these systems the initial curvature arises from the bending of a structure about the
guiding structure, pulleys or wheels. Bending of the geometry leads to a single non-trivial
curved equilibrium at subcritical speeds, which bifurcates to multiple curved equilibrium
states in a supercritical speed region. The results of Hwang & Perkins (1992b) show that
critical speed behaviour for axially moving materials is extremely sensitive to system
imperfections such as initial curvature. When there is any degree of initial curvature, no
divergence instability exists at the traditional fundamental “critical” speed (Hwang &
Perkins 1992a, 1992b).

2.1.2. Nonlinear formulations for the travelling string problem

The earliest nonlinear theoretical studies were those of Zaiser (1964) for analyzing the
travelling string problem using a Eulerian description. He began from an application of
Newton’s second law to control volume and obtained four simultaneous differential
equations for the axial momentum, transverse momentum, mass tension relation and
continuity:

wherevx is thex component of transport velocity,Ao is the initial cross-section area of the
cable,mo is the mass per unit length in the initial state andm is the mass per unit length
in the deformed state. Ameset al.(1968) and Kim & Tabarrok (1972) later derived similar
formulations. The nonlinear model includes the effects of transport velocity, tension and
mass variations and geometric nonlinearities.

Mote (1966) developed an alternative formulation that included the elastic effect and
geometric nonlinearity by means of Hamilton’s principle. The transport velocity was taken
as a constant. In a further derivation he assumed the derivatives of longitudinal
displacement to be small and ignored them. This led to a second-order equation, the
transverse equation of motion. Later Thurman & Mote (1969) and Wickert (1992) used
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v

vx

u(x,t)

x L0

uy(x,t)

v

xux(x,t)x

a) b)

Fig. 5. Schematic models for axial moving string formulations. a) Eulerian description (Ames
et al. 1969). b) “Mixed” description (Wickert 1992).

m u,xtt � 2 v u,xxt � v2 u,xxx � E A j

jx
u,xx�

1
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u,yx

2
� 0

m u,ytt � 2 v u,yxt � v2 u,yxx �

j

jx
T� E A u,xx�

1

2
u,yx

2
u,yx � 0 .

(2.3)

same kind of formulation without the assumption for derivatives of longitudinal
displacement, resulting in a governing equation for longitudinal and transverse motion:

The most notable difference between these two developments is the definition of
displacement (see Fig. 5). Zaiser (1964) and Ameset al. (1968) used a pure Eulerian
frame, which they define the displacementu of a particle of a string with respect to a
spatial pointx. Mote (1966), Thurman & Mote (1969) and Wickert (1992) used a kind of
mixed description, defining a transverse displacementu y (displacement in a Eulerian
frame) and a longitudinal displacementux, which according to Mote (1966) is related to
coordinates translating at velocityv. Wickert (1992) later corrected this by describing the
longitudinal displacement as well in the spatial frame. Moreover, he added that longitudinal
and transverse displacement must be coupled for finite amplitude motion. Thurman & Mote
(1968) did not comment on the description of longitudinal displacement or its definition in
their paper at all. From the above development of the equations of motion we can come to
the conclusion that the definition of longitudinal displacement is “a shortcut” to a simpler
formulation of the strain energy needed in Hamilton’s principle. Since strain energy can
actually be written in the same form as a non-moving string, nonlinear geometric
behaviour is easy to add to the model, and the resulting governing equations (2.3) are easier
to solve than equations (2.2), which come from the pure Eulerian description.

An even more “advanced” formulation of this kind is presented by Perkins &
Mote (1987), who consider the vibration of a travelling elastic cable (a loose string). The
state of equilibrium (steady state) is not straight as it is in the problem of an axially moving
string and the definition of displacement used is not valid. Perkins & Mote (1987) defined
displacement as a vector from a so-called equilibrium configuration to a final configuration
(see Fig. 6). The displacement vector is said to “represent the three-dimensional motion of
the final configuration, and it is distinguished from the motion of a cable particle which
includes the particle transport velocity”, meaning that the velocity of a particle at the point
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Fig. 6. Definition diagram for the natural, equilibrium and final configurations of a cable
and the displacement in a point of the configuration (Perkins & Mote 1987,
Salonen 1998).

Fw � u,t �
Fv . (2.4)

Fv FI1 �
Iv I1� u Is,t ,s . (2.5)

FI1� I1� u Is,t ,s d IsDd Fs (2.6)

FP,denotedFw, consists of the movement of the configurationu and the transport motionFv

In the same way as above, the description simplifies the strain energy of a travelling cable
to the form of a non-moving cable.

Since Perkins & Mote (1987) did not present all the details of their formulation, some
of them will be interpreted below according to Salonen (1998). The main problems in this
formulation are the definition of motion through displacement of the configuration and the
association of a point in the configuration with a passing material particle. The association
can be explained as follows. First we designate the points of different configurations under
considerationo0, I0 andF0 as sample points, meaning that we imagine that the cable of
statesIχ andFχ is cut off from its supportsA andB and if the pieces of cable are placed on
a “frictionless table” next to the base cableoχ, shown in Fig. 6, the particles at the points
I0 andF0 will lie at the distanceos from the supportA after removal of the stresses. This
assumption requires that a detached piece is a “clone” of the base cableoχ at an arbitrary
moment having the same number of material particles, which are also distributed in the
same way. As a result it can be concluded that the flow of material particles should be
homogeneous in order to comply with the above assumption.

The second detail to consider is the derivation of the equation of transport velocity in the
final configuration

Here ( ),s denotes partial differentiation with respect toIs. Perkins & Mote (1987) used the
equation of the local tangential base vector in the final configuration
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Fig. 7. Displacement of a point in the configuration, and movement of a material particle,
after Salonen (1998).

d Ix �
Iv dt . (2.9)

uQ � u � d u � u � u,s d Is� u,t dt

� u � u,s
Iv dt � u,t dt .

(2.10)

and two equations of mass conservation

and

to form the equation (2.5). The first equation of mass conservation is obvious (if the density
is a constant), but it is unclear how they arrived at the second one. Salonen (1998) showed
that the equation (2.5) can be developed using the kinematics of the cable alone.

The motion of a particle is followed during a short time step dt from the pointIP in the
steady state and from the corresponding sample pointFP in the final state, shown in Fig. 7.
The displacement of a particle in the steady state consists of transport motion only and is
therefore

The displacement of a particle from the final state consists of the transport motion and the
motion of configuration, according to (2.4), and is nowFw dt. The displacement of the
sample pointIP, the point in the configuration where particle is located at timet, is
u = u (Is, t), thus Is and t are used as independent variables. The displacement of a
configuration point Q where the particle under examination is located at timet + dt is
therefore
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u � Fw dt � d Ix � uQ . (2.11)

Fv �
Iv � Iv u,s �

Iv II1� u,s . (2.12)

Fv �
Iv d Fs

d Is
FI1 �

Fv FI1 , (2.13)

d Fw �
Fw,s d Is� Fw,t dt

�
Fw,s

Iv dt � Fw,t dt

� u,ts�
Fv,s

Iv dt � u,tt �
Fv,t dt .

(2.14)

Fa �

d Fw
dt

� u,tt �
Iv u,st�

Fv,t �
Iv Fv,s

� u,tt �
Iv u,st�

Iv II1� u,s ,t
�

Iv Iv II1� u,s ,s
.

(2.15)

The result was obtained by means of the chain rule and a scalar version of equation (2.9),
or dIs = Iv dt. Finally, if we use the geometry of Fig. 7, develop a vector equation

and substitute equations (2.4), (2.9) and (2.10) into it, the expected result is obtained:

Applying equation (2.6), we obtain the transformation equation in the form

which shows that the transport velocity does indeed operate in a direction tangential the
final configuration, which, taken together with the first equation of mass conservation (2.7),
results in the second equation of mass conservation. Actually, we can see that the equations
(2.5) and (2.13) are consequences of kinematics only, and that the second equation of mass
conservation follows from them and not vice versa.

The acceleration of a particle in the cable can be developed from the change in velocity
using the chain rule, a scalar version of equation (2.9) and equation (2.4), i.e.

Thus, if we divide the change in velocity by dt and substitute (2.5), we obtain the
acceleration vector

By reducing this equation and substituting the component form of the displacement
into it, we obtain the same inertia terms as in the equations ofu � u1

II1� u2
II2� u3

II3
motion in the paper of Perkins & Mote (1987).

The formulation considered above is also used to develop a theoretical model for an
axially moving membrane, presumably for the same reason as above, the possibility for
modelling the elasticity of the membrane and the travelling motion in a straightforward
manner, leading to simpler equations.
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m� ma u,tt � 2 m v u,xt � m v2 u,xx � T u,xx � f , (2.16)

ma �
ρaπb2

4
, (2.17)

ma � α
ρaπ L

4
& ma � β ρa L , (2.18)

2.2. The surrounding air

Theoretical and experimental results show that the effect of the surrounding air on the
dynamic behaviour of a paper web is significant. According to Pramila’s (1986)
“threadline” model and experimental results the critical velocities and natural frequencies
are only 15> 30% of the values given by predictions that neglect the interaction between
the paper sheet and surrounding air (Fig. 21 on page 62). Three dimensional finite element
analysis also shows that the shape of the free air field has a considerable influence on the
dynamic response, and that this increases with an increase in the width/length ratio of the
web (Niemi & Pramila 1987, Laukkanen & Pramila 1997).

2.2.1. Added mass

In theoretical considerations the simplest approach for taking account of the flow around
a vibrating structure is potential flow idealization. This means that the surrounding air is
assumed to be incompressible and non-viscous, and its flow is assumed to be irrotational.
These assumptions are fulfilled most notably at the transverse vibration frequencies of a
paper web in a paper machine (Pramila 1986). Moreover, if the air field oscillates in a same
phase as the structure, the translating membrane will behave dynamically as if its mass had
increased by that of the vibrating air. With an axially moving narrow band this idealization
leads to the following equation of motion of threadline (Pramila 1987)

where the added mass per unit lengthma for a narrow band is

andρa is the air density andb is the width of the translating band. A physical interpretation
of the equation means that the air particles are assumed to move only in a plane
perpendicular to the translation direction of the band. If particles are in motion in the
translation direction, there should be additional mass terms in the Coriolis and centripetal
inertia terms as well. The values of these additional terms will depend on the velocity of the
air particles relative to the band. If the surrounding air moves in a longitudinal direction
with the band, all the three added mass terms will be equal to abovema. In the sense of an
ideal fluid, the equation (2.16) is acceptable because an ideal fluid is non-viscous and does
not “feel” the axial movement of the band. For the wider membranes, Pramila (1986)
presents two equations for added mass,
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j t 2
, (2.20)

j p
jn

� 0. (2.21)

whereL is the length of a span andα andβ are parameters depending on the relationb/L.
At low axial velocities the latter equation one gives results which are closer to the
experimental ones (Pramila 1987).

2.2.2. Fluid-structure interaction

If the above assumptions for incompressibility and the same phase vibration in the structure
and air are not valid, the system should be treated as a fluid-structure interaction problem.
The behaviour of the air can then be described with the acoustic wave equation for its
pressurep(x,y,z), known as Helmholz’s equation:

whereca is the speed of sound,t is time andi 2 is the Laplacian operator. Equation (2.19)
can be derived from the Navier-Stokes equation of motion and a continuation equation by
making the following assumptions (Laukkanen 1995):

S the fluid is compressible
S the fluid is non-viscous
S the flow is irrotational
S the average flow is not taken into account
S changes in the average fluid density and pressure in different areas of the fluid domain

remain small.

The equation for interaction between a fluid and a structure can be obtained from the
continuity requirement at an interface boundary. The normal directed displacement
un = u ] n of the structure must be identical to that of the fluid. Therefore, the equation of
motion for air particles must be fulfilled at the interface boundary by normal displacements
of the structure

wheren represent the normal vector of the fluid-structure interface boundary outward from
fluid domain. This equation can also be used at other boundaries. At a rigid boundary, the
equation can be simplified to the form
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If the dimensions of the fluid are large or infinite, the model in numerical analysis has to
be cut off at some reasonable distance from the structure. Moreover, the reflection of
pressure waves has to be prevented at the cutting boundaries to stop excitation from infinity.
One way of doing this is to use radiation damping (Laukkanen 1995) and an other
possibility is to let the boundary absorb the pressure wave, so that its energy vanishes. In
order to dissipate the waves and their energy, an absorbing term has to be added to the
boundary condition (2.20) (Rajaumar & Ali 1993)

whereR is the acoustic resistance andi ] v the velocity divergence. The termRi ] v in
equation (2.22) can be considered a force due to dissipating flow through an absorption
layer at the boundary. Sincej p/j t is related toi ] v via the conservation of mass
equation for a compressible fluid

the boundary absorption term can be written in the form

whereβ = R /ρaca is the nondimensional absorption coefficient of the sound absorbing
material at the boundary. The valid range of coefficientβ is from zero to unity. Whenβ = 0,
there is no energy loss at the boundary and the wall is rigid. Forβ = 1, all the energy
incident on the boundary is lost, which represents a boundary left open, with no reflection
of pressure waves (Rajaumar & Ali 1993).

2.3. Dynamic behaviour of a nonlinear structure

For small oscillations the response of a deformable structure can be adequately described
by linear equations and boundary conditions, but as the amplitude of the oscillations
increases, the influences of nonlinear effects grow, as also does the need to consider them.
The sources of nonlinearities can be geometric, inertial, or material in nature. Typical
geometric nonlinearity arises from midplane stretching of a thin structure coupled with
transverse vibrations. This stretching leads to a nonlinear relationship between the strain
and the displacement. Nonlinear inertial effects are caused by the presence of concentrated
or distributed masses. Material nonlinearities occur whenever the stress is a nonlinear
function of the strain (Nayfeh & Mook 1979).
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Since exact solutions are not usually available, the problems are solved by approximated
analysis using purely numerical techniques, analytical techniques or numerical-analytical
techniques.

In general, the dynamic behaviour of a nonlinear structure is examined by considering
its steady state response to a harmonic load. The response itself may be of an extremely
complex structure. It may be either harmonic, subharmonic, or even chaotic (Thomson &
Stewart 1986). In some cases a given harmonic load can lead to several different steady
states, and which one is actually achieved will depend upon the initial conditions. Here we
are mostly interested in harmonic steady states, some features of which will be discussed
further below.

Typically, there are three types of resonance response to the harmonic case: softening
springs, linear springs and hardening springs, see Fig. 8. The peak of the curve for the
softening nonlinearitybends to the left, since the inherent frequencyof the system decreases
with increasing amplitude, while for hardening nonlinearity the curve bends to the right.
Fig. 8 could represent equally well the response of a system with a single degree or that of
a system with multiple degree of freedom near a particular resonant frequency.

The bending of the resonance response leads to multivalued amplitudes and hence to a
jump phenomenon, as shown Fig. 9, which depicts a typical forced response curve for a
damped nonlinear system, in whichωn is the small amplitude linear natural frequency of
the system and the ‘backbone curve’ gives the relationship between the free vibration
frequency and the amplitude. If the frequency of excitation is slowly increased and the
amplitude of excitation is held constant, the response amplitude will grow from point A and
a jump will be observed at C to point E. If frequency is then reduced, another jump will be
observed at F, following the well-known hysteresis. Between the frequenciesω1 andω2 the
response is non-unique and may lie either on BC or on EF, depending on the initial
conditions.

Most common approximation methods for determining resonance response curves are
perturbation methods, the harmonic balance method and time integration methods.
Perturbation methods perform satisfactorily if the nonlinearities of the dynamic system are
of a small order. The nonlinear terms are referred to as “perturbations” and are identified
by means of a small parameter. The solution is commonly sought in the form of a power
series on this parameter.

The harmonic balance method is a simple, systematic approach and is not restricted to
weakly nonlinear problems. The technique is based on a Fourier series residual
approximation of the nonlinear terms, converting the nonlinear differential equations of
motion to nonlinear algebraic equations.

In time integration methods the response of the nonlinear system is calculated by
integrating the equation of motion numerically until a steady state is obtained, at the time
when the transient effects are damped. This method is easy to apply to different kinds of
nonlinear system, but it is costly, especially in the case of lightly damped, stiff structures
with a large number of degrees of freedom.
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Fig. 8. Typical resonance response curves for harmonic response: a) a linear spring, b) a
softening spring and c) a hardening spring (Nayfeh & Mook 1979).

Fig. 9. Typical forced response curve for a nonlinear system (Thomson & Stewart 1986).
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Fig. 10. The physical model.

2.4. The physical model

The physical model to be considered here, as shown in Fig. 10, is a thin web passing over
a free span between two supporting rolls at a prescribed velocity. During operation the
membrane is stretched to a known tension, which comes from the support and drive
mechanisms. Traditionally systems like this are considered in terms of a web of constant
length between roll supports. This means that the supporting structures (cylinders) are
idealized as “simple” line supports at fixed locations.

In some practical applications, however, (e.g. the web in a paper machine), it has been
detected that when the band seats and unseats on the cylinder, the contact line moves along
the roll depending on the position of the membrane. Thus, the free span length between the
rolls is not a constant during vibration and the assumption of simple supports may be poor,
at least in some cases.

In practice, we have two different possible approaches to formulating this kind of
problem. First, we can consider a stretched translating membrane of a length that varies
with time, or else we can move the boundaries so far along the support cylinders that the
transverse displacements of the passing membrane are zero. The influence of contact
between the membrane and the support cylinders must be included, however.

2.4.1. A band of time varying length

We will restrict ourselves for the moment to examining only the vibrating part of the
membrane passing over the span between the supporting cylinders (Fig. 11). An
advantageous feature of this formulation is that it does not require consideration of the
contact between the membrane and the supporting structures, whereas the disadvantage is
that the mass of the system varies and therefore the particle flow through the boundaries has
to be taken into account. The equations of motion are difficult to solve because the
movement of the boundaries is coupled with the transverse motion of the membrane.
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Fig. 11. A membrane of varying length.

u,tt � 2 v u,xt � c 2
�v2 u,xx � 0 , x M 0,L t

u 0,t � u L t , t � 0,
(2.25)

u,t´t´ � c2u,x´x´ � 0 , x´ M 0,Λ ( t )

u 0,t´ � u Λ t´ � 0,
(2.26)

Λ t´ � L t´ � v t´. (2.27)
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c

τ �
1
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c

� f t´ � x´
c

.

(2.29)

Structures of varying length have been investigated in several theoretical considerations,
including strings (Tagata 1983), beams (Zajaczkowski & Lipinski 1979, Zajaczkowski &
Yamada 1980a), plates (Zajaczkowski & Yamada 1980b), axially moving strings (Popov
1986) and axially moving beams (Yue 1992). Popov considers a linear, longitudinally
moving taut string, the length of which varies arbitrarily with time. This equation of motion
is written in the form

where the right boundary moves according to the lawx = L(t) andc indicates the transverse
wave propagation velocity of the string. Equation (2.25) for an axially moving string can
be reduced by means of Galileo and Lorenz transformations to a wave equation for a string:

wheret’ andx´ denote transformed time and space coordinates and

The segment [0,Λ(t)] may then be mapped to the segment [0,l] by the functionf (x’ ) and
a one-dimensional wave equation for a string of constant length is obtained:

where
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f t´ � Λ t
c

� f t´ � Λ t
c

� l . (2.30)

Fig. 12. Contact point motion (Yue 1992).

The difficulty with this method is finding out how to solve the functionf from the
functional equation

Popov (1986) proposes solving an inverse problem instead of equation (2.30), though he
cannot give any examples. For the case considering in this work, solving an inverse
problem is particular demanding because of the coupling of boundary motion with
transverse displacement of the membrane, so that the functionf depends on these too.

Yue (1992), examining the influence of contact point movement on the dynamic
behaviour of a belt/pulley system, introduced the concept ofa vibrating length Lfor the
actual free span length. The reasons for the variation in free length were explained as
curving of the belt due to flexural stiffness, bending of the belt about the guiding pulley and
movement in the contact points during vibration along the pulleys when the belt seats and
unseats the pulley.

The initial shape of the free span and the initial location of the contact points were
defined through the equilibrium equation for a beam. The position of the contact points for
dynamic analysis was obtained using the following constraints:

1) the contacting pulley and belt must have the same transverse displacement value at the
contact pointxc , and

2) the belt must have the same radius of curvature as the pulley at the contact pointxc .

The resulting equation of motion was solved numerically. According to the results
presented by Yue’s (1992), the contact point of the belt and pulley moves along the pulley
depending on its pitch radius and the amplitude of the transverse vibration of the belt.
Moreover, any increase in the vibration lengthL will increase the fundamental natural
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Fig. 13. A band with fixed boundaries.

frequency of the belt, which is against the linear theory.

2.4.2. A band with fixed boundaries

If we examine a structure with the fixed boundaries, the boundarypoints have to be selected
on the support cylinders so that the transverse displacements of the passing membrane are
zero (Fig. 13). The reason for this condition derives from the simplification of an open
boundary application of Hamilton’s principle to a normal closed system form (see page 39).
The formulation of the equations of motion is now obvious, but solution of the equation is
harder, due to the modelling of the contact between the support cylinders and the
membrane. No analysis of this kind is known to have been performed to date for axially
moving structures.



3. Theoretical model of an axially moving membrane

Of the two possible formulation methods (section 2.4) we chose the constant length
membrane model, because it allows a theoretical model for an axially moving membrane
to be formulated as a general case involving only a few restrictions. A numerical
formulation is also most probably easier to develop, because we can use an existing FEM
program which includes a contact algorithm.

Since we are studying a thin, light membrane, the influence of the surrounding air is
significant, and since we are examining the effects of boundary point movement, the
displacements are large. Thus the theoretical model should include the fluid/membrane
coupling and the nonlinear terms arising from large amplitude oscillations, variation in
tension along the membrane and contact between the membrane and the rolls. Flexural
stiffness can be neglected due to the assumption of a thin membrane, and deformations in
the membrane can be described with the Lagrangian strain of a middle surface. The
material behaviour of the membrane (paper) is not modelled in detail, because our interest
is directed at the dynamic phenomena of an axially moving thin membrane. The material
is therefore described with a hyperelastic model.

Since we wish to formulate the general boundary value problem of nonlinear continuum
mechanics in a way oriented toward numerical methods, we will use an incremental
description of the deformation process. The incremental equations for the membrane are
developed through the analysis of prestressed elastic structures in the same way as outlined
by Reismann & Pawlik (1977) for hyperelastic solids and applied by Luongoet al. (1984)
to an elastic cable and Perkins & Mote (1987) to a travelling cable, taking account the
remarks made in section 2.1.2. Membrane elasticity is included via a finite strain model and
the membrane transport speed is included through a kinematical study, which with the
convected coordinate practice allows the variation in transport motion to be considered as
well. The equations of motion are developed using Hamilton’s principle.

The nonlinear dynamic behaviour is examined by determining the response resulting
from harmonic boundary excitation. This response is calculated by direct time integration
of equations of motion for each excitation frequency until the steady state is obtained. The
method requires a lot of computer time, but because of the contact with surrounding
structures, other methods such as the harmonic balance and perturbation are most likely
impossible.
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3.1. An initially stressed axially moving membrane

Tensor notations will be used throughout the following formulation. The left superscript
indicates in which configuration the quantity occurs and the left subscript shows the
configuration with respect to which it is measured. For example, the Green-Lagrange strain
o
Fγαβ in stateFχ is measured with respect to the natural stateoχ. If the quantity considered
occurs in the same configuration where it is measured, the left subscript will be omitted and
incremental quantities will be shown without the left superscript. The right Greek letter
scripts are tensor indices reserved for surface quantities and have only the values 1, 2, while
the Latin indices have the values 1, 2, 3. The summation convention for repeated indices
applies unless otherwise indicated.

The equations for the axially moving membrane are developed based upon the following
assumptions:

1. The membrane is assumed to be a smooth, continuous, differentiable surface. The
thicknessIh of the membrane in the initial state is small compared with the smallest
radius of curvature.

2. The membrane is so thin that the flexural stiffness can be omitted.
3. Deformations of the membrane can be described by the Lagrangian strains of the middle

surface.
4. The material flow is homogeneous.
5. The flow through the boundary takes place where the displacements perpendicular to the

flow are fixed.
6. The membrane is hyperelastic.
7. An arbitrary prestress causes the initial deformation from the natural state to the initial

state.

An elastic travelling membrane passing through two fixed boundaries is modelled as a
two-dimensional continuum. Since the membrane is assumed to be hyperelastic, its
constitution is completely characterized by the strain energy density function, and three
configurations can be distinguished (Fig. 14).

(1) The natural configurationoχ is a state in which all stress resultantsnαβ, strainsγαβ
and the strain energy density functionW* vanish, this means also lack of transport
motion.

(2) The initial configurationIχ corresponds to an equilibrium state (steady state) in the
membrane, and

(3) the final (current) configurationFχ is the desired unknown state.

Because of the travelling motion of the membrane, neither Lagrangian (material) nor
Eulerian (spatial) descriptions are used, but a “mixed” description is developed as discussed
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Fig. 14. The configurations of a membrane.

in section 2.1.2. The coordinate system is defined using the natural configuration as a base
membrane in which a net of coordinate curvesθ 1 andθ 2 is drawn. These curves can be
transferred to the initial and final configuration by imaging pieces of membrane cut off
from between the fixed displacement supports. After the removal of stresses, these pieces
are placed on the base pieceoχ for copying of the coordinate curves onto the sample points
of the configuration. This assumption requires that a detached piece considered at an
arbitrary moment must be a “clone” of the base pieceoχ, and as a result we have a convected
coordinate system attached to the sample points of the configurations. The tensor
components will be presented by reference to this convected coordinate system for the
middle surface of the membrane configuration.

The finite deformation of a membrane may be described by considering the path from
the initial configurationIχ with location to the final configurationFχ with locationIx θα

. The difference between these locations,Fx θα,t

represents the three-dimensional incremental motion of the membrane configuration
(sample points) and is distinguished from the motion of a membrane particle that includes
the transport motion. Since the results of any measurements performed on a prestressed
body are obtained in terms of the initial coordinates, we will ultimately express all the
results in terms of the initial configuration.
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I γαβ � I εαβ � Iηαβ . (3.9)

3.1.1. Incremental strain

The Lagrange strain tensor, Cauchy stress resultant tensor and constitutive relations are
defined by the familiar relations (Green & Zerna 1968 and Niordson 1985)

whereFaαβ and oaαβ are covariant metric tensors of the surface in the final and natural
configurations,o

Fñαβ is the second Piola-Kirchoff stress resultant tensor,FA andoA are the
areas of the surface in the final and natural configurations andW* = W*(γαβ , θ α ) is the
strain energy density function. The covariant base vectors of the surface at a material point
P are given by

and the covariant metric tensor on the surface,aαβ , is thus

Upon substitution of (3.1) into (3.6) we find that the total strain (3.2) can be separated
into two parts

that is, the initial strain

and the incremental strain
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Iaα ] u,β � u,α ]
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1
2

u,α ] u,β . (3.11)

W�
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(3.12)

FW�

�
IW�

�
Inαβ

I γαβ
d IA

d oA
�

1
2

ICαβµλ
I γαβ I γµλ

d IA

d oA
� O3

I γαβ , (3.13)

I
oñ αβ

�

I jW�

jγαβ

(3.14)

Inαβ
�

d oA

d IA

I
oñαβ

(3.15)

This is written as a sum of a linear part

and a nonlinear part

3.1.2. Strain energy

In order to obtain an examination referring to the initial configuration, the strain energy
density function will be developed in the form of Taylor’s series in the neighbourhood of
the initial state. We assume that the strain energy density function together with its partial
derivatives up to and including the third order in strain exist and are continuous atI

oγαβ (the
initial state). Based on the assumption of small incremental deformations, the series for the
strain energy density is truncated after the quadratic terms. Therefore, the strain energy
density is

or, using equations (3.3) and (3.7), it becomes

where

is the second Piola-Kirchoff stress resultant for the initial state,
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I
oC µλαβ

�

I
oC βαµλ

�

I
oCαβλµ (3.16)

I Cαβµλ
�

d oA

d IA

I
oC αβµλ

(3.17)

FU �

oA

FW� d oA �
IU �

�

IA

In αβ
I εαβ d IA� U , (3.18)

IU �

�

oA

IW� d oA (3.19)

U �

IA

In αβ
Iηαβ �

1

2

ICαβµλ
I γαβ I γµλ d IA (3.20)

is the Cauchy stress resultant for the initial state,

is an elasticity tensor in the initial state with respect to the natural configuration and

is an elasticity tensor at initial state.
The assumption of small deformations does not lead here to a linear theory as is the case

for a hyperelastic solid in as discussed by Reismann & Pawlik (1977), sinceIγαβ is now a
nonlinear function of the displacement gradient caused bythe possibly large displacements.

The total strain energy of the membrane is obtained by integrating the strain energy
density function over the area of the membrane

where

is the strain energy associated with the initial deformation, and

is the incremental strain energy.

3.1.3. Stress increment

The constitutive relation for incremental deformations is derived bysubstituting a quadratic
approximationFW*, equation (3.13), into right hand side of the second Piola-Kirchoff stress
resultant equation (3.4):



39

F
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�
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(3.21)
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�
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d FA

F
o ñαβ

�

d IA
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F
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F
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�

d oA

d IA
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�
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�
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I γµλ

�
Inαβ

� I ñ
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(3.23)

I ñ
αβ
�

IC αβµλ
Iγµλ . (3.24)

t2

t1

δ FT � δ FU dt � �

t2

t1

δ FW dt , (3.25)

Now, if we use a transformation of the stresses (3.3)

and the above equation (3.21), we can write the final Piola-Kirchoff stress resultant with
respect to initial state:

The incremental constitutive equation is therefore

3.1.4. Hamilton’s principle

The equations of motion can be obtained using Hamilton's principle. However, this is
formulated in its traditional form for a closed system, i.e. for a system containing the same
particles throughout. In this consideration a “mixed” formulation is used, so that the motion
of the system is due to a movement of the configuration and the transport movement of
passing material particles. Thus the particles which fill the domain are changing all the
time and the energy flux across the boundaries must be taken into account. By assuming a
special case in which the boundaries are fixed both at the inlet and at the outlet, the fluxes
in and out are equal and the net energy flux through the boundaries is zero. Therefore, as
shown by Benjamin (1961), McIver (1973) and Niemi & Pramila (1987), Hamilton’s
principle takes in this case the familiar form
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FT �

FA

Fw ]
Fw Fρ Fh d FA , (3.26)

Fw �
Fx,t �

Fv . (3.27)

d Ix �
Iv dt � Iv α Ia

α
dt . (3.28)

d Ix �
Ia

α
dθα . (3.29)

uQ � u � d u � u � u,
α

dθα
� u,t dt

� u � u,
α

Ivα dt � u,t dt .
(3.30)

whereδ FT andδ FU denote the variation of total kinetic energy and potential energy for the
current state andδ FW denotes the work done by external forces as a result of the
variationδu.

3.1.5. Variation of kinetic energy

The kinetic energy of the membrane in the final state is given by

whereFw represents the velocity of a membrane particle associated withFχ. The kinetic
energy expression differs from that for a conventional system because of the “mixed”
description of motion. The motion of a material particle consists of the movement of the
configuration and the transport movement of the passing particles. The velocityx � x θα , t
of a material particle is therefore

The transport velocity vectorv is not a constant parameter but changes with the
deformation, even if we assume that the material flow is constant. The changes in transport
velocity can be developed using same kind of kinematic study as in section 2.1.2, and is
shown in Fig. 15. The motion of a material particle is followed a during short time step dt
from the pointIP in the equilibrium (steady) stateIχ and from the corresponding sample
point FP in the final state. The displacement of the particle in the equilibrium state consists
only of the transport motion, and therefore it is

Due to the geometry of the middle surface of the membrane, the displacement is also

A material particle at the corresponding sample pointFP in the final stateFχ moves
according toFw dt. The displacement of the sample pointIP, the point in the configuration
where the particle in question is located at timet, is , and the displacement ofu � u θα , t
a configuration pointQ where the particle is located at timet + dt, is
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u � Fw dt � d Ix � uQ (3.31)

Fv �
Iv � Iv α u,

α
�

Iv α Ia
α
� u,

α
�

Iv α Fa
α

. (3.32)

Fv α
�

Ivα
� vα . (3.33)

Fv � v α Fa
α

. (3.34)

Fw � u,t � vα Ia
α
� u,

α (3.35)

FP

IP

Im

Fm
t

t + dt

Fwdt

u

Q

uQ

Fig. 15. Displacement of a point of the configuration and movement of a material particle.

The result was obtained by means of the chain rule and a scalar version of equation (3.28),
dθ α = vα dt. Finally, if we use the geometry of Fig. 15, develop a vector equation

and substitute equations (3.27), (3.28) and (3.30) into it, we obtain

The equation shows that the transport velocity is directed towards a tangential plane of the
final configuration and that the convected components of the transport velocity vector are
constants, i.e.

The information on changes in the transport velocity vector on account of deformation is
therefore included in the base vectors, as shown in the vector component representation

As a consequence of equations (3.27) and (3.32), the velocity of a material particle can be
written as
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δ Fw � δu,t � v α δu,
α

. (3.36)

IA

Iρ Ih dIA �

FA

Fρ Fh dFA . (3.37)

Iρ Ih d IA �
Fρ Fh dFA . (3.38)

δ FT�

IA

u,t � v α Iaα � u,α ] δu ,t �

� u,t � vα Iaα � u,α ] v β δu ,β
Iρ Ih d IA � δ T .

(3.39)

δT�
IA

u,t � vα Iaα � u,α ] δu ,t �

�
Ia vβ u,t � vα Iaα � u,α ,β ]

δu
Ia

Iρ Ih d IA �

�

IC

vβ I
†β u,t � v α Iaα � u,α ] δu Iρ Ih d Is .

(3.40)

and its variation is

The laws of membrane mass conservation are a consequence of the assumption of a
homogeneous flow. The configuration denoting the travelling membrane located between
the fixed displacement supports has to retain a constant mass, or in other words

Homogeneity also requires that every surface element in the configuration should keep its
mass, so that

The variation of the kinetic energy of the membrane in the final state can now be written
as

Integrating (3.39) by parts with respect to the middle surface and using Green’s theorem
to the developed terms, we obtain the following equation for the variation in kinetic energy

where I
† = I

†
α

Iaα is a unit normal vector of the boundary of the membrane. The line
integral in the above equation vanishes because there is no flow through the free boundary
C

σ
, and thereforev ] † = 0, while at the fixed boundaryCu, through which there is same

flow, displacements are prevented, so thatδu = 0.
If we next integrate over the time intervalt1 to t2 and integrate the first term by parts

with respect to time, we obtain
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(3.41)
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i ]
Iv Fw ] δu Iρ Ih d IA �

IC

Iρ Fw ] δu Iv ] †
Ih d IA . (3.42)

δT� �
IA

u,t t � 2 vα u,tα � v β v α Iaα � u,α ,
β

] δu Iρ Ih d IA .
(3.43)

δ FU � δ IU �

� δ IU � δU , (3.44)

δ IU �

� 0 , (3.45)

The substitution term of the integral vanishes because the variations
δu(θ α,t1) = δu(θ α,t2) = 0. The second integral of the above equation can be transformed to
a line integral using the divergence theorem

The line integral may be thought of as virtual momentum transport across the open
boundaryCu. Now because of the fixed displacements the variationδu is zero and the
virtual momentum is zero, so that the eventual variation in kinetic energy is

The acceleration of a particle in a travelling membrane can be developed from the change
in velocity as in the section 2.1.2. The process is shown in Appendix A. This results in the
same form as the inertial terms obtained by means of Hamilton’s principle in equation
(3.43).

3.1.6. Variation of strain energy

The variation of strain energy is derived from the equation (3.18)

where the variation of strain energy associated with the initial deformation

sinceIχ is an equilibrium configuration. The variation of strain energyδ IU in equation
(3.44) is derived according Green & Zerna (1968):
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(3.48)

using Green’s theorem to transform area to line integrals and then the equilibrium
conditions of the initial configuration

whereI p is surface traction per unit initial area,I f is body force per unit initial volume and
I n is edge force per unit initial length. The boundary curve of the membraneIC is assumed
to be closed and divided into a free boundaryIC

σ
and a fixed displacement boundaryICu.

The variation of incremental strain energyδU in (3.44) is derived using Green’s theorem,
yielding
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I n �

F
I n �

In , I p �

F
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Ip , I f �
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δ FW � δ IW � δW , (3.53)

δ IW �

IC
σ

In ] δu d Is �

IA

Ip ] δu �
Iρ Ih If ] δu d IA

(3.54)

3.1.7. Virtual external work

The external forces currently acting on the membrane consist of a surface tractionFp per
unit current area, an edge forceFn per unit current boundary and a body forceFf per unit
current volume. The work done by these forces due to the virtual displacementδu is

If we use conservation of mass (3.38) and similar transformation to that in equation (3.3)
to transform the integrals in equation (3.49) from the current configurationFχ to the initial
configurationIχ, this yields

where we have introduced the notationsI
Fn andI

Fp to be present the values of the final forces
per unit initial area and initial arc length, i.e.

Moreover, we define the incremental edge forceIn, the incremental surface tractionI p and
the incremental body forcesI f, by the relations

Finally, by substituting equation (3.52) into (3.50) we obtain the work done by external
current forces due to the virtual displacement, in the form

where
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δW �
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1
Ia

Ia I ñαβ Iaα ,β
�

I
ρ

Ih vβ vα Iaα ,
β (3.60)

and

3.1.8. Equation of motion

The variational principle governing the incremental motion may be now obtained by
substituting (3.39), (3.44) and (3.53) into (3.25). With the aid of (3.46) and (3.54), this
results in the variational equation

The use of (3.43), (3.48) and (3.55) in (3.56) yield the equations of motion and associated
boundary conditions in terms of incremental displacements

The equation of equilibrium can be extracted from equation of (3.57) according to Perkins
& Mote (1987) by setting all the time derivatives,u and incremental external forces to zero
and it becomes
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Fig. 16. Initial configuration of an axially moving membrane system with supporting cylinders.

Ia1 �

j
Ix

jθ 1
� t , Ia2 � e2, Ia3 � �

1
κ

j t

jθ 1
, (3.61)

3.2. A thin web passing over a span between two finite cylinders

A common application for an axially moving membrane is a web moving over a span
between two finite rollers. Examples of this kind can be found in paper machines, offset
printing presses and magnetic tape devices. The following additional assumptions are
made:

1. The curvature in a cross direction is zero in the initial state.
2. Another main direction in the initial state is the same as the direction of axial
movement.
3. The body forces are zero.

In view of these assumptions, the geometry of the initial configuration is a simple
cylindrical shell (Green & Zerna 1968). If we choose the convected coordinates as shown
in Fig. 16, the convected base vectors of the middle surface in the initial state form a unit
normal right-handed base

whereIa1 is a unit tangent vector in a direction of axial movement denoted witht, Ia2 is a
constant unit vector denoted bye2, Ia3 is the unit normal to the middle surface andκ is the
curvature at a point on the coordinate curveθ 1.

The derivatives of the base vectors in the initial state are
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Ia1,1��κ
Ia3

Ia1,2�
Ia2,1�

Ia2,2�0,
(3.62)

Ia � | Ia
αβ

| � 1 . (3.63)

I n11,1 �
I n 12,2 � 0

I n21,1 �
I n 22,2 � 0

κ I n 11
�

I p � 0 .

(3.64)
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αβ Ia
α
� u,

α ,
β
� I p �

�
Iρ Ih u,t t � 2v u,1t � v2 κ Ia3� u,11

on I A (3.65)

u � U θ α on I Cu (3.66)

Inαβ u,
α
� I ñ

αβ Ia
α
� u,

α
I
†
β
� 0 on I C

σ
. (3.67)

Ia1 � e1, Ia2 � e2, Ia3 � e3 . (3.68)

and the determinant of the metric tensor in the initial state is

Using the above assumptions, the equations of equilibrium (3.47) reduce to

It should also be noted that the magnitude of the transport velocity vector is constant over
the initial state, so that the divergencei ]

Iv = v,
α

is zero. The equations of motion (3.57)
then become

and the boundary conditions are

3.3. An initially plane axially moving web between simple supports

Systems with supporting cylinders are traditionally considered without the effect of the
finite diameter of the roll supports and are idealized as 'simple' supports along fixed lines
(see. Fig. 17). The initial state is now a plane configuration and the convected base vectors
in the initial state form a constant, unit normal, right-handed base

The derivatives of the base vectors in the initial state vanish, because they are constant over
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I n11,1 �
I n 12,2 � 0

I n21,1 �
I n 22,2 � 0 ,

(3.69)
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Fig. 17. Initial configuration of an axially moving plane membrane system.

In αβ
� I ñ
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αβ,
β

Ia
α
� u,

α
� I p �

�
Iρ Ih u,t t � 2v u,1t � v2u,11

on I A (3.70)
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Iρ Ih u,t t � 2v u,1t � v 2u,11 �
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αβ u,

αβ
� I p � 0 on I A , (3.73)

Fnαβ
�

d IA

d FA
In αβ

� I ñ
αβ , (3.74)

the membrane. Using the above assumptions, the equations of equilibrium (3.64) become

the equations of motion (3.65) reduce to

and the boundary conditions are

If we assume that the in plane displacements are small and can be ignored we obtain the
equation of motion developed by Niemi & Pramila (1987), i.e.

where transverse displacement is denoted byu and transverse incremental traction byI p.
This equation is obtained by noting that the stress resultants in the final state,
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also fulfil the equilibrium equations (3.69).



4. Numerical consideration

The closed form solution of the incremental equations of motion (3.57) is very difficult or
even impossible to calculate directly, since they are nonlinear in their displacement
increments and base vectors, and therefore finite element method (FEM) will be used. For
an effective numerical treatment of problem involving large displacements and large
deformation, we use the incremental formulation (Kleiber 1989, Bathe 1982). There are two
approaches to this formulation available:

1) total Lagrangian (TL) description in which the static and kinematic quantities refer to
the initial configuration, and

2) updated Lagrangian (UL) description in which the static and kinematic quantities refer
to the last calculated (current) configuration.

These two formulations are equivalent in a theoretical sense, and the motive for selecting
one rather than the other is normally convenience, a reference configuration used in the
constitutive law or greater numerical efficiency in a particular problem. Since we are using
tensorial components of a convective coordinate system, these two types of formulation can
be combined (Noguchi & Hisada 1995). The only difference is seen in the transformation
of the constitutive tensorial components. We use the updated Lagrangian method, and
hence the deformation of the membrane can be described by considering its path from an
unknown undeformed configurationoχ through the known initial configurationIχ to the
current deformed configurationtχ and finally to a neighbouring unknown configuration,
t +∆ tχ, as illustrated in Fig. 18.

4.1. Equations for a discrete membrane

The governing equation of incremental motion for numerical development is derived by
applying Hamilton’s principle equation (3.25), as in chapter 3. The dynamic equilibrium
of the membrane structure is evaluated at the discrete time points0, ∆t, 2∆t, 3∆t, ... from
the initial stateIχ at time0 with time steps of∆t. We assume that the solutions for the
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Fig. 18. Configurations in the path of deformation for FE analysis of initially stressed axially
moving membrane.

�

IA

t�∆tu,t � v α ta
α
� u,α ] δu,t �

t�∆t u,t � vα ta
α
� u,α ] vβ δ u ,β

Iρ Ih d IA �

�

tA

tCαβµλ
tγµλ δtγαβ d tA �

tA

tn αβ δtηαβ d tA � δ t�∆tW �

tA

tn αβ δtεαβ d tA ,
(4.1)

kinematic and kinetic variables for all time steps from0 to timet have been obtained, and
then seek a solution for the next required equilibrium position, at timet+∆t. We denote the
last known configuration, the reference configuration astχ and the new, unknown
configuration ast +∆ tχ.

Equations of motion are nowobtained bymarking the initial configurationIχ as a current
state at timet and the final configurationFχ as an unknown state at timet+∆t in Hamilton’s
principle (3.25). The equations of motion are now

wheretA denotes the area of the middle surface in the configurationtχ andδ t+∆tW is the
external virtual work. The small displacement occurring during the time step∆t, a
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u �
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γµλ δγαβ � εµλ � ηµλ δ εαβ � ηαβ K εµλ δεαβ . (4.4)
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t�∆t u,tt � vα t�∆tu,tα ] δu � vβ t�∆tu,t ] δu,β � vα v β δtηαβ
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�
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tC αβµλ
tεµλ δtεαβ �
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tn αβ δtηαβ d tA �

�
t�∆tW �

tA

tn αβ δtεαβ d tA �

IA

v α vβ δtεαβ
Iρ Ih d IA.

(4.5)

displacement increment, is expressed by the subtraction

and the total displacement measured from the initial configurationIχ at time0 to the final
configuration is

The nonlinear term in the equation is linearized with the following assumption

Moreover, we integrate the first term (variation of kinetic energy) by parts with respect to
time and note that the variation of incremental strain is .δtγαβ �δtεαβ�δtηαβ �

ta
α
�u,

α
]δu,

β

The above notations result in

The equations shown in (4.5) are linear equations in the incremental displacement and are
used to derive the governing finite element equations.

The membrane is subdivided into two-dimensional elements and the configuration and
its movement is approximated by isoparametric interpolation, e.g. with the same shape
functionsNA. The convected coordinates are chosen as the normal coordinates of the
elements. This will eliminate the need for coordinate transformations, as the spatial
derivatives with respect to the natural coordinates can be used directly in the formulation
(Noguchi & Hisada 1995). The coordinate systems and the 12 degrees of freedom element
used are shown in Fig. 19.

A point P on the middle surface of the membrane can be located with respect to the local
convected coordinate systemθ α. The global coordinates,tx I, and global displacement
componentstu I, of P are given by

t x i
� N A tx i

A (4.6)

tu i
� N A tu i

A , (4.7)
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Fig. 19. A typical finite element and the coordinate systems used.

tx � N A tx i
A ei , (4.8)

ta
α
�

j
tx

jθ α
�

ta i
α ei , (4.9)

ta i
α �

jN A

jθ α

tx i
A (4.10)

where txi
A are the nodal coordinates of theAth node in thei th degree of freedom at

configurationtχ, iui
A are the nodal displacements defined in a same manner andNA is the

shape function of theAth node. The right subrscriptA (an uppercase letter) shows the value
at nodeA and follows the summation convention with regard to all nodes connected to an
element.

The position vector of any pointP on the middle surface can be written with respect to
the fixed origin0 as

where ei are the unit base vectors of the fixed rectangular Cartesian coordinates.
Differentiating equation (4.8) yields the surface covariant base vector

where

yields the Cartesian components of the base vectors. Substituting (4.9) into (3.6) yields the
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ta
αβ
�

ta
α
]

t a
β
�

jN A

jθ α

jN B

jθ β

tx i
A

tx i
B . (4.11)

tx � N tx (4.12)

u x, t � N u (4.13)

ta
α

x,t � N,
α

tx , (4.14)

N �

LN 1 0 0

0 N1 0

0 0 N 1

�

LMMMMMMMMM

LMMMMMMMMM

N k 0 0

0 N k 0

0 0 N k

�

LMMMMMMMMM

N N 0 0

0 N N 0

0 0 N N

, (4.15)

tε �
t BL u , (4.16)

surface covariant metric tensor for the configurationtχ

We next introduce finite element matrices to facilitate computer programming. This is
done in the same way as Bathe& et.. (1975 ) and Nogushi & Hisada (1995). Interpolations
of coordinates, displacement components and components of the base vectors in equations
(4.6), (4.7) and (4.10) can be written in a matrix form as components of a global fixed
coordinate system

whereN is the shape function matrix

is the column vector containing element nodalxT
� x1

1 x 2
1 x3

1 ... x1
k x 2

k x3
k ... x1

N x 2
N x3

N

coordinates and is the column vector containinguT
� u1

1 u 2
1 u3

1 ... u1
k u 2

k u3
k ... u1

N u 2
N u3

N

element nodal displacements referred to the fixed baseei.
We then construct transformation matrices defining transformations from the

displacement vector to the strain in the element. MatrixBL is the transformation matrix
between the nodal displacementsu and the column vector of linear straintε, i.e.

where andtε
T
� t ε11 tε22 2 tε12
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tBL �

LMMMMMMMMMMMMMMMMMMM

taT
1
jN1

jθ1

taT
2
jN1

jθ 2

taT
1
jN1

jθ 2
�

taT
2
jN1

jθ1

�

LMMMMMMMMMMMMMMMMMMM

LMMMMMMMMMMMMMMMMMMM

taT
1
jN k

jθ1

taT
2
jN k

jθ 2

taT
1
jN k

jθ 2
�

taT
2
jN k

jθ1

�

LMMMMMMMMMMMMMMMMMMM

taT
1
jN N

jθ1

taT
2
jN N

jθ 2

taT
1
jN N

jθ 2
�

taT
2
jN N

jθ1

.(4.17)

d � BNL u , (4.18)

BNL �

LMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMM

N,11 0 0

0 N,11 0

0 0 N,11

N,12 0 0

0 N,12 0

0 0 N,12

�

LMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMM

LMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMM

N,k1 0 0

0 N,k1 0

0 0 N,k1

N,k2 0 0

0 N,k2 0

0 0 N,k2

�

LMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMM

N,N1 0 0

0 N,N1 0

0 0 N,N1

N,N2 0 0

0 N,N2 0

0 0 N,N2

�

N,1
N,2

. (4.19)

C �

C1111 C 1122 C1112

C2211 C 2222 C2212

C1211 C 1222 C1212

. (4.20)

The nonlinear strain-displacement transformation matrixBNL forms a link between the
element’s nodal displacementsu and the displacement gradientsd, i.e.

where andd �

ju

jθ1

ju

jθ 2

T

Moreover, we define the following additional matrices. Material property matrixC is a
3 x 3 matrix

The stress matrixtn and the column vectortnU are defined as



57

tn �

tn11 tn 12 0 0 0 0
tn21 tn 22 0 0 0 0

0 0 0 0 0 0

0 0 0 tn 11 tn12 0

0 0 0 tn 21 tn22 0

0 0 0 0 0 0

(4.21)

tn̂T
�

tn 11 tn22 tn 12 . (4.22)

v2
�

v 1v 1 v1v2 0 0 0 0

v 1v 2 v2v2 0 0 0 0

0 0 0 0 0 0

0 0 0 v 1v 1 v1v2 0

0 0 0 v 1v 2 v2v2 0

0 0 0 0 0 0

(4.23)

v̂2T
� v 1v 1 v2v2 v1v2 . (4.24)

M t�∆ tü � G t�∆ t
Mu � tK L �

tKNL� K G u �
t�∆ tR �

tF �
tFG , (4.25)

M �

IA

NT N Iρ Ih Ia dθ 1 dθ 2
(4.26)

and

The component matrix of transport velocityv 2 and the component column vector of
transport velocityvU 2 are

and

The governing finite element equation for a single element can now be derived from (4.5)
as

whereM is the consistent mass matrix,G is the skew symmetric gyroscopic inertia matrix
andtKL,

tKNL, KG are the linear, geometric and gyroscopic stiffness matrices, respectively,
as given by the equations
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G �

IA

v α NT N,
α
� N,T

α
N Iρ Ih Ia dθ 1 dθ 2

(4.27)

tKL �

tA

tB T
L

tC tBL
ta dθ 1 dθ 2

(4.28)

tKNL �

tA

BT
NL

tn BNL
ta dθ 1 dθ 2

(4.29)

KG �

IA

BT
NL v2 BNL

Iρ Ih Ia dθ 1 dθ 2. (4.30)

tF �

tA

t BT
L

t n̂ ta dθ 1 dθ 2
(4.31)

tFG �

IA

tBT
L v̂2 Iρ Ih Ia dθ 1 dθ 2. (4.32)

and

t+∆tR, tF, tFG are column vectors of external, internal and gyroscopic forces, of which the
first is usually known and latter two are given by

Equation (4.25) represents the dynamic equilibrium condition for the discretized
structure at timet+∆t. Since it has unknown quantities with respect to timet+∆t, it has to
be integrated over time, and if we use direct integration methods we can choose from two
classes of solution method: explicit methods (Dokanish & Subbaraj 1989) and implicit
methods (Subbaraj & Dokanish 1989).

Explicit time integration techniques are methods in which the solution at timet+∆t is
obtained by considering equilibrium conditions at timet and using difference expressions
to approximate the acceleration and velocity vectors in terms of unknown incremental
displacement vectors. It should be noted that such integration schemes do not require
factorization of a stiffness matrix in the step-by-step solutions and the solution can
essentially be carried out at the element level if the mass and damping matrix are diagonal.
The computer operations per time step are generally much less laborious for explicit
methods than for implicit methods.

The major drawback with explicit methods is their conditional stability, i.e. if the time
increment∆t is greater then some critical size∆tcr, any errors, e.g. round off or truncation
errors, grow rapidly and eventually lead to meaningless, often unbounded, response
calculations. Explicit methods suit particular well for short duration dynamic problems or
wave propagation problems in which the frequency content of the response is wide and
itself requires a short time step. Good examples are various kinds of crash analysis in which
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t�∆ tu �
tu �

t
Mu ∆ t � 1

2
� α tü � α t�∆ tü ∆ t 2

t�∆ t
Mu �

t
Mu � 1� δ tü � δ t�∆ tü ∆ t ,

(4.33)

1

α ∆ t 2
M �

δ

α ∆ t
G�

tK u �
t�∆ tR� M 1

α ∆ t
t
Mu � 1

2α
� 1 tü �

� G δ

α
� 1 t

Mu � ∆ t
2

δ

α
� 2 tü �

tF �
tFG ,

(4.34)

M t�∆ tü(k)
� G t�∆ t

Mu(k)
�

t�∆ tK(k) u(k)
�

t�∆ tR�
t�∆ tF (k�1)

�
t�∆ tFG

(k�1) , (4.35)

wave propagation, reflection and diffraction exercise an important influence.
In implicit time integration techniques the solution at timet+∆t requires consideration

of the equilibrium condition at timet+∆t, and therefore the determination of displacement
at t+∆t involves factorization of the structural stiffness matrix at every time step. Although
implicit methods require much more computing for each time step, by choosing an
unconditionally stable scheme we can use much larger time steps than with explicit
schemes. Only requirement for a time step is that it should be small enough for the response
in all modes which significantly contribute to ensuring that the total structural response is
calculated accurately. In nonlinear analysis it is usually necessary to perform additional
equilibrium iterations in order for the displacements and stresses to satisfy fully the
nonlinear conditions of the problem.

Implicit schemes clearly suit the problem considered in this work better than do explicit
ones. Since our aim is to determine a frequency response with time integration, we try to
achieve a steady state by allowing the transient effect to be damped. The analysis is long
and the frequency content of the response is close to the desired natural frequency.
Moreover, whereas in explicit schemes any errors admitted in the incremental solution can
grow in a path-dependent manner at any subsequent time, the equilibrium iterations in
implicit schemes prevent any accumulation of errors (Koivurova 1993).

We will use a Newmark implicit method to integrate the equation (4.25). The following
finite difference expansions are employed:

whereα andδ are integration parameters selected to obtain the best stability and accuracy
characteristics in the integration scheme. The parameters in following analyses are chosen
to be and , whereγ is termed the amplitude decay factor.δ � 0.5 1� 2γ α � 0.25 1� γ2

Solving equation (4.33)1 for t+∆tu“ in terms oft+∆tu and then substitutingt+∆tu“ into (4.33)2,
we obtain equations fort+∆tu“ and t+∆tuM , each in terms of the unknown displacement
incrementu only. These two relations fort+∆tuM and t+∆tu“ are substituted in equation (4.25),
yielding

which can be solved for the incremental displacementu. As we are considering nonlinear
analysis, equilibrium iteration is performed in each time step. The Newton-Raphson
iteration schema will be used, which yields following equations
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p(θ1,θ2,θ3, t ) � N A(θ1,θ2,θ3) PA( t ) , (4.36)

Mf P̈ � Cf
MP � Kf P � Ff , (4.37)

M 0

ρo RT M f

ü

P̈
�

G 0

0 Cf

Mu

MP
�

K � R

0 K f

u

P
�

F

F f

. (4.38)

where the right superscriptkdenotes the iteration number. The iteration continues until the
appropriate termination criteria are met.

4.2. Fluid-structure interaction

The pressure-based formulation for fluid domain in a fluid-structure interaction analysis
expresses the unknown acoustic pressure within a three-dimensional element in terms of
the pressure values at the nodes, as follows:

whereNA are a set of linear shape functions andPA are nodal pressures. Substituting the
pressure expression into the acoustic wave equation (2.19) and applying Galerkin’s weight
residual, the finite element procedure leads to the following matrix equation for the fluid
mesh (Woyak 1992):

where Mf = the fluid equivalent “mass” matrix
Cf = the fluid equivalent “damping” matrix
Kf = the fluid equivalent “stiffness” matrix
Ff = the “fluid load” vector applied.

The coupling of fluid-structure interaction at the interface will be achieved with the
approximation of equation (2.20). Because of interaction at the interface boundary, an
acoustic pressureR P is exerted on to the membrane and the motions of the membrane
produce an effective fluid loadρo R u“. The matrixR is a coupling matrix that represents the
effective surface area associated with each node on the fluid-structure interface. These
unknown interface “load” quantities are added to the finite element equation for the
membrane (4.25) and the fluid domain (4.37). These two equations can be combined into
a single equation to produce the following form (Woyjak 1992):

4.3. Implementation in a FEM program
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G t�∆ t
Mun �

I KNL � KG un � �
IF �

tFG , (4.39)

M t�∆ tün �
t KL �

ISt KNL un �
t�∆ tR �

IStF . (4.40)

tn �

I
t ñ �

ISt
t ñ , (4.41)

tKNL � IA
BT

NL
In BNL d IA �

tA
BT

NL
IStn BNL d tA

�
IKNL �

IStKNL

(4.42)

tF �

IA
B T

NL
In̂ d IA �

tA
BT

NL
IStn̂ d tA

�
IF �

IStF .

(4.43)

The model of an axially moving membrane was implemented to a general FEM program,
ANSYS (ANSYS 5.2 1994) as a programmable user element (Koivurova 1996). As the
ANSYS program has a membrane element SHELL 41 which includes geometrically
nonlinear effects, the influences of the deformations developing after the initial state are
calculated with this. The user element GYRO100 is used to considering the gyroscopic
effects and the geometrical stiffness arising from the initial tension. The equation of motion
(4.25) is divided into two parts, an initial, gyroscopic part, which includes the effects of
initial tension and axial motion,

and a membrane configuration part,

Here the geometrical stiffness matrix and the internal force vector are separated by splitting
the tension into two parts:

the initial tensiont
Iñ and the tensiont

IStñ (= IStn) developing during deformation after the
initial state. This leads, through the transformation (3.3) to the following geometric
stiffness matrices:

and the following internal force vectors:

The element model should generate these two types of element one on the other at the same
degrees of freedom.

The use of convected coordinates entails us several advantages in the implementation.
If we specify our convected coordinatesθ 1, θ2 to be nondimensional isoparametric natural
coordinates of a membrane element, the element equations are simplified, as there is no
need to perform any coordinate transformations. Moreover, although gyroscopic matrices
are nonlinear, they can be written as constant matrices because of the conservation of mass
and the fact that the convective components of transport velocity are constants. Therefore
there is no need to update the gyroscopic inertia and gyroscopic stiffness matrix during an
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analysis.



5. Results

5.1. Linear eigenvalue analysis of an axially moving simply supported
membrane in surrounding air

Verification of the overall accuracy of the model is quite difficult, because there are only
a few experimental results, which consider an axially moving membrane and these are
limited to the linear range. Pramila (1986) measured fundamental frequencies for a narrow
paper web with a length ofL = 2.4 m, a width ofb = 0.47 m and a mass per unit area of
m = 35 g/m2. These values are used in the finite element model of the present eigenvalue
analysis shown in Fig. 20. The surrounding air is modelled here with acoustic fluid
elements, and the density of air is taken to be 1.3 kg/m3. The dimensions and boundary
conditions of the air domain are those given in Niemi & Pramila (1987) and the parameters
used are listed in Table 1.

Table 1. Calculation parameters.

length
width
thickness
mass per unit area
initial tension
elastic modulus

L
b
h
m
In11

E

=
=
=
=
=
=

2.4
47

0.49
35

362
1*109

m
cm
mm
g/m2

N/m
N/m2

The results of the eigenvalue analysis and the experiments performed by Pramila (1986)
are shown in Fig. 21. The two dashed lines represent the analytical results of Pramila
(1987) in which the surrounding air is described by means of two added mass models. For
the sake of clarity, the results are shown nondimensionally in the form of frequency and
transport velocity. They are defined as follows:
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F � f 2 L m
I n11

(5.1)

V � v m
I n11

(5.2)

The same nondimensional presentation is used for all the following analyses. The results
shown in Fig. 21 are in good agreement when the interaction with air is taken into account.
Experimental verification in the nonlinear range is not possible, because the pilot paper mill
used by Pramila (1986) limited its experiments to the linear range.

5.2. Nonlinear analysis of an axially moving membrane in comparison
with an axially moving string

Although it is not possible to make comparisons with any experimental results in the
nonlinear range, it is quite interesting to compare results calculated here with analytical and
numerical analyses performed for an axially moving nonlinear string by Wickert (1992),
who studied a travelling beam and string with a second-order perturbation solution by the
asymptotic method of Krylov, Bogoliubov and Mitropolsky and made comparisons with the
results of numerical integration and some other studies.

Table 2. Calculation parameters.

length
width
thickness
mass per unit area
initial tension
elastic modulus

L
b
h
m
In11

E

=
=
=
=
=
=

1.0
40

1.0
250

2500
1*109

m
mm
mm
g/m2

N/m
N/m2

The fundamental frequency of an axially moving nonlinear membrane is calculated by
transient time integration from dynamic response history by taking the initial conditions
for a nonlinear resonance vibration study. The initial displacement and velocity vectors are
proportional to the normalized nonlinear response of the asymptotic solution calculated by
Wickert (1992). The parameters for the analysis are chosen so the that multiplier
…a0vl = 0.25, where… is a perturbation coefficient (= 0.7),a0 is a nondimensional amplitude
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ux x,t �

x
2

1

0

ju 2
y

jx
dx �

1
2

x

0

ju 2
y

jx
dx (5.3)

of vibration (=A/L = 0.018) andvl is a longitudinal stiffness parameter (= = 20).E hDn11
The other calculation parameters are set out in Table 2.

The FEM results for fundamental frequencyare compared with the results obtained from
Wickert (1992) in Table 3 and Fig. 22. The present solutions agree to within 3 % with both
the asymptotic and numerical integration solutions for V@ 0.8 (Wickert 1992) and for
V @ 0.6 (Thurman and Mote 1969). At higher speeds the difference relative to the results
of Wickert increases rapidly. An explanation for the difference could be sought from two
sources. Wickert (1992) used a stretching approximation for the longitudinal direction in
which he proposes that the longitudinal displacement field

arises entirely from finite transverse vibration. It was not possible to validate this
approximation with the non-approximated results of Thurman and Mote (1969) for the
region 0.6 < V@ 1. Moreover, as Wickert (1992) concludes, the inclusion of nonlinearity
in vibration studies is most important at a near-critical speedvcr = , where modaln11Dm
stiffness is small and is dominated by nonlinear extensional stiffness. Another explanation
for the difference in the results at a near-critical speed could be the fact that Wickert (1992)
does not take into account the change in transport velocity due to the deformation.

Table 3. Comparison of linear and nonlinear fundamental frequency calculations for an
axially moving membrane and string with…a0vl = 0.25.

Nondimensional speed V 0 0.2 0.4 0.6 0.8 1

Linear 1 0.96 0.84 0.64 0.36 0

FEM solution for membrane 1.11 1.07 0.96 0.78 0.55 0.25

Integration (Wickert 1992) 1.109 1.069 0.955 0.78 0.558 0.308

Asymptotic (Wickert 1992) 1.112 1.077 0.966 0.792 0.569 0.308

Thurman and Mote (1969) 1.103 1.067 0.955 0.77 - -
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Fig. 22. Comparison of linear and nonlinear fundamental frequency calculations for an axially
moving membrane and string with …a0vl = 0.25.

5.3. Nonlinear vibration of a simply supported axially moving band
without the surrounding air

The nonlinear dynamic behaviour of an axially moving membrane is examined through the
response resulting from harmonic boundary excitation. The response is calculated by direct
time integration of equations of motion for each frequency until the steady state is obtained.
The method requires a lot of computer time, but because we wanted to include the contact
between the membrane and the rolls, it was very probably impossible to use other methods
such as the harmonic balance and perturbation.

We consider first a narrow band with fixed simple supports but no supporting rolls. A
typical harmonic response curve for the present nonlinear system at an transport velocity
of 50% of the critical valuevcr = is shown in Fig. 23. The amplitude of then11Dm
harmonic boundary motion is 2.4 mm and the other calculation parameters used for the
geometry and the material are as in Table 4. The element model is the web part shown in
Fig. 20.

A typical response curve for harmonic excitation of a nonlinear system will look like that
shown in Fig. 23, determined by observing the amplitude of the steady state vibration of a
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Fig. 23. Nondimensional mid-span response amplitude for a membrane exited near to its
fundamental frequency. Transport velocity is 50% of the critical value.

Fig. 24. Half-period of steady state vibration (F=0.816,Ao /L = 0.001,V=0.5).

midpoint A at different excitation frequenciesf (Fig. 24). As can be seen in Fig. 23, the
harmonic response of a nonlinear system is a frequency range in which two possible steady
state solutions exist. Which one is actually achieved will depend on the initial state. These
analyses employed two sets of initial conditions:

(I) a straight configuration and zero initial velocity in a low frequency range from A
to B and a higher range from D to E, and
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(II) an extreme position of linear eigenvibration in the range between B and C

The curve FG in Fig. 23 is a backbone curve calculated in a same way as the frequency -
transport velocity relationship in Fig. 22.

Table 4. Calculation parameters.

length
width
thickness
mass per unit area
initial tension
elastic modulus
amplitude of boundary
motion

L
b
h
m
In11

E
Ao

=
=
=
=
=
=
=

2.4
47

0.49
35

362
1*109

2.4

m
cm
mm
g/m2

N/m
N/m2

mm

In this kind of analysis, if there is no internal damping present, it is impossible to reach
the steady state and damp the transient effect out (Kanarachos & Spentzas 1988). Thus
artificial damping is used to shorten the analysis. The damping used varies with time as
shown in Fig 25 and is proportional to the linear stiffness matrix of the membrane with
parameterD. The value of the damping coefficient was determined so that the steady state
would be achieved after 50 - 70 vibration periods (see Fig. 26). The maximum valueD
varies in the range 0 - 0.009 depending on the vibration amplitude and other parameters.

The response curves were calculated for four axial velocities, 0%, 50%, 70% and 90%
of the critical velocityvcr = . The response-frequency curves of Fig. 27 show thatn11Dm
the system behaves like a nonlinear hard spring. The nonlinearityclearlystiffens the system
as the amplitude increases and this effect seems to be accentuated slightly with the increase
in transport velocity. According to Wickert (1992) in his analysis of a nonlinear string and
beam, the same phenomenon could be caused by a decrease in modal stiffness. If we
compare these nonlinear responses with the linear ones in Fig. 28, where the dash-dot lines
are the results of linear analysis, we see behaviour typical of nonlinear systems, a jump to
the next mode. For an axially moving membrane this can take place to the next mode but
one, the next but two etc. when the transport velocity is high enough.
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Fig. 27. Nondimensional mid-span response amplitude for an axially moving membrane
travelling at velocities of 0%, 50%, 70% and 90% of the critical value.
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axially moving membrane travelling at velocities of 0%, 50%, 70% and 90% of the
critical value.
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Fig. 29. FE model of a web and contacting cylinders.

5.4. Nonlinear vibration of a band travelling between two cylinders
without the surrounding air

In order to obtain an insight into the influence of supporting rolls, we developed a model
of a narrow web moving over the open draw of two finite cylinders, as shown in Fig. 29.
The dynamic behaviour of the system was analyzed in the same way as in the previous
example. Harmonic boundary excitation was applied to one cylinder and the variations in
response are observed at different excitation frequencies. The support cylinders are
modelled as rigid ones and their radii are chosen to be a half and a quarter of the length of
the free span. The contact between the cylinders and the paper web is assumed to be
frictional, with a friction coefficient = 0.4. If we look at the frequency response curves in
Fig. 30 and compare the results with those for the system with a support cylinder and that
with simple boundaries, we see a clear difference. The frequency response curves in Fig.
30 and 31 show that the support cylinders reduce the effect of the nonlinearity. Using the
radius of the cylinder as a parameter, we see that as the radius grows the effect of the
cylinder increases. The same happens with the decrease in the coefficient of friction in
Fig. 31. The reason for this behaviour seems to be movement of the boundary point and
sliding of the membrane on the cylinders. It can be concluded that the importance of the
effects of supporting rolls on the system depends on the geometry (radius of the cylinders)
and the roughness of the contact surfaces (friction coefficient).

5.5. Nonlinear vibration of an axially moving simple supported
membrane in surrounding air

The effect of the surrounding air on a nonlinear model was considered using the same
element model as in the above eigenvalue analysis (see Fig. 20). The parameters are
otherwise the same as in the previous example, only the mass per unit area has been altered
to 53 g/m2..

The frequency- transport velocity relationships are estimated from the dynamic response
history by taking the initial conditions for the nonlinear resonance vibration study.
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Fig. 30. Comparison of mid-span frequency responses for a membrane with supporting rolls
of radius L/2, L/4 and 0 (fixed ends). (V = 0.5 andµ = 0.4).
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Fig. 31. Comparison of mid-span frequency responses for a membrane when the friction
coefficient varies from 0.2 to 0.4. (V = 0.5 andr = L/2).
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Fig. 32. Fundamental frequency as a function of velocity obtained by linear and nonlinear
analysis, mass per unit area = 53 g/m2.

The initial displacement and velocity vectors are proportional to the normalized linear
eigenmode vectors. The backbone curves in Fig. 23, 27, 28, 30 and 31 above were
determined in the same way.

The results in Fig. 32 show the same behaviour as mentioned by Wickert (1992) for
axiallymoving strings and beams. The influence of the nonlinearity is most significant near
the critical velocity, where the modal stiffness is small. We can also see that the
surrounding air is as important in nonlinear analysis as it is in eigenvalue analysis.



6. Conclusions

A geometrically nonlinear theory for behaviour of an axially moving membrane has been
presented here. The model is based on convected coordinate formulation, mixed description
of the initially stressed continuum and Hamilton’s principle. The formulation includes
geometrical nonlinearities, i.e. large displacement, variation in tension along the
membrane, variation in transport velocity due to deformation and contact with a supporting
structure. By making additional adequate assumptions regarding the initial state and the
size of the displacements, this formulation leads to the linear equation of motion derived
by Niemi & Pramila (1987) as a special case.

For applications of the theoretical model a novel numerical formulation for an axially
moving membrane is introduced. The special choice of a convected coordinate system in
the reference configuration leads to a formulation which significantly simplifies the
equations in both the theoretical and the numerical formulation:

(I) Incremental displacement and the convected base in the initial state appear in vector
form.

(II) The change in transport velocity can be taken into account by the constant
components of the convected base.

(III) Numerical implementation is simple and leads to element equations with a few
arithmetic operations. The gyroscopic inertia and stiffness matrix do not need
updating as they would if Cartesian coordinates were used. Also, there are fewer
transformations between coordinate systems than in a standard formulation.

Verification of the model against experimental results was possible in the linear range.
The nonlinear dynamic behaviour of the membrane was examined and the influence of
contact between it and supporting cylinders and interaction between it and the surrounding
air were studied bydetermining the responses resulting from harmonic boundaryexcitation.
The harmonic response was determined by time integration of equations in the motion of
finite element model, as other methods would have been very difficult or impossible. Time
integration was time-consuming, because it required 50 - 70 vibration periods to achieve
a steady state even if artificial damping was used. Also, the contact algorithm needs very
short time steps and several equilibrium iterations. Maximum cpu time for a SGI Power
Onyx R8000 machine was about 120 000 seconds for one point in a harmonic response
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curve. The analysis was also demanding in other respect because the convergence of the
solution was weak and sensitive for selection of initial values and the coefficient of artificial
damping.

The results achieved show clearly that nonlinearities cause a considerable stiffening of
the membrane and the fundamental frequency increases as the amplitude grows.
The effects are accentuated slightly as the transport velocity increases. According to
Wickert (1992), reason for this is a decrease in modal stiffness as the velocity increases,
while the influence of the nonlinearity is growing at the same time.

The results also show that the cylindrical supports have considerable influence on the
behaviour of an axially moving membrane. The boundary of the contact region clearly
moves and the membrane slides on the cylinders. This weakens the nonlinear hardening
phenomena and lowers the fundamental frequency. This influence gains in strength as the
radius of the cylinder increases, or if the friction coefficient decreases. The surrounding air
has the same kind of effect on the dynamic behaviour in nonlinear analysis as is observed
in eigenvalue analysis.
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APPENDIX A/1

Acceleration of a material particle in an axially moving
membrane

The acceleration of a particle in a membrane can be developed in the same way as for
a travelling cable in section 2.1.2. First, the change in velocity is expressed using the chain
rule, a scalar version of equation (3.28), namely dθ

α = vα dt, and equation (3.34), i.e.

If we divide the change in velocity by dt, we obtain the acceleration vector in the form


