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$UL +HLPRQHQ� 2Q HmHFWLYH LUUDWLRQDOLW\ PHDVXUHV IRU VRPH YDOXHV RI
FHUWDLQ K\SHUJHRPHWULF IXQFWLRQV
'HSDUWPHQW RI 0DWKHPDWLFDO 6FLHQFHV� 8QLYHUVLW\ RI 2XOX� 3�2�%R[ ���� ),1
������ )LQODQG
$FWD 8QLY� 2XO� $ ���� ����
�5HFHLYHG �� 0DUFK �����

$EVWUDFW

7KH GLVVHUWDWLRQ FRQVLVWV RI WKUHH DUWLFOHV LQ ZKLFK LUUDWLRQDOLW\ PHDVXUHV IRU VRPH YDOXHV
RI FHUWDLQ VSHFLDO FDVHV RI WKH *DXVV K\SHUJHRPHWULF IXQFWLRQ DUH FRQVLGHUHG LQ ERWK
DUFKLPHGHDQ DQG QRQ�DUFKLPHGHDQ PHWULFV�

7KH nUVW SUHVHQWV D JHQHUDO UHVXOW DQG D GLYLVLELOLW\ FULWHULRQ IRU FHUWDLQ SURGXFWV RI

ELQRPLDO FRHpFLHQWV XSRQ ZKLFK WKH VKDUSHQLQJV RI WKH JHQHUDO UHVXOW LQ VSHFLDO FDVHV UHO\�

7KH SDSHU DOVR SURYLGHV DQ LPSURYHPHQW FRQFHUQLQJ WKH YDOXHV RI WKH ORJDULWKPLF IXQFWLRQ�

7KH VHFRQG SDSHU LQFOXGHV WZR RWKHU VSHFLDO FDVHV� WKH nUVW RI ZKLFK JLYHV LUUDWLRQDOLW\

PHDVXUHV IRU VRPH YDOXHV RI WKH DUFWDQ IXQFWLRQ� IRU H[DPSOH� DQG WKH VHFRQG FRQFHUQV

YDOXHV RI WKH ELQRPLDO IXQFWLRQ� $OO WKH UHVXOWV RI WKH nUVW WZR SDSHUV DUH HmHFWLYH� EXW QR

FRPSXWDWLRQ RI WKH FRQVWDQWV IRU H[SOLFLW SUHVHQWDWLRQ LV FDUULHG RXW� 7KLV WDVN LV IXOnOOHG

LQ WKH WKLUG DUWLFOH IRU ORJDULWKPLF DQG ELQRPLDO FDVHV� 7KH UHVXOWV RI WKH ODWWHU FDVH DUH

DSSOLHG WR VRPH 'LRSKDQWLQH HTXDWLRQV�

.H\ZRUGV� 'LRSKDQWLQH HTXDWLRQV� 3DGuH DSSUR[LPDWLRQ� S�DGLF� GLYLVLELOLW\
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$FNQRZOHGJHPHQWV

, ZLVK WR H[SUHVV P\ GHHSHVW JUDWLWXGH WR .HLMR 9QQHQ IRU JXLGLQJ PH WR WKH WRSLF RI
P\ GLVVHUWDWLRQ� IRU ULFKO\ UHZDUGLQJ FROODERUDWLRQ DQG IRU KLV FDUHIXO UHDGLQJ RI P\
ZULWLQJV� , DP DOVR YHU\ JUDWHIXO WR 7DSDQL 0DWDOD�DKR IRU KLV JRRG FROODERUDWLRQ
DQG KLV YDOXDEOH DGYLFH DQG FULWLFLVP�
6SHFLDO JUDWLWXGH LV GXH WR 0DWWL 6LQLVDOR IRU KLV YDOXDEOH KHOS LQ ZULWLQJ WKH

FRPSXWHU SURJUDPV QHHGHG DQG IRU KLV GHWDLOHG FULWLFLVP�
, DP YHU\ JUDWHIXO WR 3URIHVVRU *HRUJHV 5KLQ DQG 3URIHVVRU 6HSSR +\\U IRU

UHIHUHHLQJ WKH PDQXVFULSW�
, DOVR ZLVK H[SUHVV P\ WKDQNV WR 3URIHVVRU 3DDYR 7XUDNDLQHQ DQG WKH VWXm RI WKH

'HSDUWPHQW RI 0DWKHPDWLFDO 6FLHQFHV� 8QLYHUVLW\ RI 2XOX� IRU WKH JRRG ZRUNLQJ
DWPRVSKHUH WKDW H[LVWV WKHUH�
)LQDOO\ WKDQNV DUH GXH WR P\ IDPLO\ IRU WKHLU SDWLHQFH DQG HQFRXUDJHPHQW�
, H[SUHVV P\ JUDWLWXGH WR WKH )DFXOW\ RI 1DWXUDO 6FLHQFHV RI WKH 8QLYHUVLW\ RI

2XOX DQG WR WKH 0DJQXV (KUQURRWK )RXQGDWLRQ IRU nQDQFLDO VXSSRUW�

2XOX� 0DUFK ���� $UL +HLPRQHQ
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/LVW RI WKH RULJLQDO DUWLFOHV

, +HLPRQHQ $� 	 0DWDOD�DKR 7� 	 9QQHQ .� ������ 2Q LUUDWLRQDOLW\ PHDVXUHV RI
WKH YDOXHV RI *DXVV K\SHUJHRPHWULF IXQFWLRQ� 0DQXVFULSWD 0DWK� ��� ���^���

,, +HLPRQHQ $� 	 0DWDOD�DKR 7� 	 9QQHQ .� ������ $Q DSSOLFDWLRQ RI -DFREL W\SH
SRO\QRPLDOV WR LUUDWLRQDOLW\ PHDVXUHV� %XOO� $XVWUDO� 0DWK� 6RF� ��� ���^���

,,, +HLPRQHQ $� ������ (mHFWLYH LUUDWLRQDOLW\ PHDVXUHV IRU VRPH YDOXHV RI *DXVV
K\SHUJHRPHWULF IXQFWLRQ� 0DWK� 8QLY� 2XOX� 3UHSULQW �^��
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&RQWHQWV

$EVWUDFW � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
$FNRZOHJPHQWV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
/LVW RI WKH RULJLQDO DUWLFOHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
�� ,QWURGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
�� 6XPPDU\ RI WKH RULJLQDO DUWLFOHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
���� 1RWDWLRQ DQG WKH JHQHUDO UHVXOW � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
���� 6KDUSHQLQJ LQ WKH ORJDULWKPLF FDVH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
���� 6KDUSHQLQJ LQ WKH ELQRPLDO FDVH DQG DQ DSSOLFDWLRQ � � � � � � � � � � � � � � � � � � � � ��
���� 7KH S�DGLF FDVH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

�� 5HIHUHQFHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
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�� ,QWURGXFWLRQ

7KH *DXVV K\SHUJHRPHWULF IXQFWLRQ LV GHnQHG E\ WKH VHULHV
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ZKHUH D� E� F � ��b��b�� � � � DUH SDUDPHWHUV� DQG �D��  �� �D�Q  D�D� �� � � � �D�
Qb��� Q  �� �� � � � � )RU WKH JHQHUDO SURSHUWLHV RI ) �]�� ZH UHIHU WKH UHDGHU WR >��@�
7KHUH DUH VHYHUDO LPSRUWDQW VSHFLDO FDVHV RI WKLV IXQFWLRQ� :LWK WKH SDUDPHWHUV

D  E  �� F  � ZH REWDLQ WKH 0DFODXULQ VHULHV RI WKH IXQFWLRQ ORJ��b]� ] DQG WKH
SDUDPHWHUV D  F  �� E  � N JLYH WKH ELQRPLDO VHULHV� L�H� WKH VHULHV H[SDQVLRQ RI
�� b ]�b� N� ,Q WKH FDVH D  �� E  � N� F  � � � N WKH YDOXHV RI WKH VHULHV DUH
FORVHO\ UHODWHG WR WKH GHnQLWH LQWHJUDOV
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7KHVH QXPEHUV DUH LQ PDQ\ FDVHV UHSUHVHQWDEOH XVLQJ DUFWDQ� ORJDULWKP DQG VTXDUH
URRW IXQFWLRQV� 7KH FDVH N  � LQ SDUWLFXODU HQDEOHV XV WR FRQVLGHU WKH SURSHUWLHV
RI VRPH YDOXHV RI WKH DUFWDQ IXQFWLRQ� :H VKDOO UHIHU WKHVH FDVHV LQ WKH IROORZLQJ
DV WKH ORJDULWKPLF FDVH� WKH ELQRPLDO FDVH DQG WKH DUFWDQ FDVH� UHVSHFWLYHO\�
:H GHQRWH E\ M M

S

D YDOXDWLRQ RI 4� ZKHUH S LV HLWKHU �� FRUUHVSRQGLQJ WR WKH
XVXDO DEVROXWH YDOXH� RU D SULPH FRUUHVSRQGLQJ WR WKH S�DGLF YDOXDWLRQ QRUPDOL]HG
E\ MSM  Sb�� :H VKDOO GHQRWH E\ 4

S

WKH S�DGLF FRPSOHWLRQ RI 4� ,Q SDUWLFXODU
4�  ,5� /HW � � 4

S

EH DQ LUUDWLRQDO QXPEHU� WKH LUUDWLRQDOLW\ RI ZKLFK LV XVXDOO\
PHDVXUHG E\ GHWHUPLQLQJ ORZHU ERXQGV

M�b0 1 M
S

! � +P����� ���

ZKLFK KROG IRU DOO � ! � DQG + w +����� ZKHUH +  1 � LI S  �� DQG
+  PD[IM1 M� M0 MJ� LI S LV D SULPH� 7KH QXPEHU P��� LV FDOOHG DQ �DV\PSWRWLF�
LUUDWLRQDOLW\ PHDVXUH RI � DQG LV GHQRWHG E\ PDV\PS���� $ UHVXOW RI WKLV NLQG LV
FDOOHG HmHFWLYH LI WKH GHSHQGHQFH RI +� RQ � FDQ �DW OHDVW LQ SULQFLSOH� EH FDOFXODWHG�
$OWHUQDWLYHO\� DQ HmHFWLYH LUUDWLRQDOLW\ PHDVXUH FDQ EH JLYHQ LQ WKH IRUP
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IRU DOO + ! +�� ZKHUH F DQG +� DUH H[SOLFLWO\ JLYHQ FRQVWDQWV� ,I WKH GHSHQGHQFHV
DQG FRQVWDQWV RI DQ LUUDWLRQDOLW\ PHDVXUH UHVXOW DUH H[SOLFLWO\ JLYHQ� ZH VD\ WKDW LW
LV LQ HmHFWLYH IRUP�
,W IROORZV IURP WKH 'LULFKOHW ER[ SULQFLSOH WKDW WKH WKHRUHWLFDOO\ VPDOOHVW SRVVLEOH

YDOXH IRU PDV\PS��� LV �� 7KLV PHDVXUH LV REWDLQHG LQ VRPH FDVHV� IRU H[DPSOH
PDV\PS�H�  �� DQG LV HmHFWLYH �VHH >�@� SS� ����� 2Q WKH RWKHU KDQG� IRU /LRXYLOOH
QXPEHUV ��� LV QRW WUXH IRU DQ\ nQLWH QXPEHU P���� $V H[DPSOHV RI PHDVXUHV IRU
WUDQVFHQGHQWDO QXPEHUV REWDLQHG VR IDU ZH PD\ VHOHFW PDV\PS�{� � ������ >��@ DQG
PDV\PS�r���� � ����� >��@�
/LRXYLOOH SURYHG LQ ���� WKDW WKH LUUDWLRQDOLW\ PHDVXUH RI DQ DOJHEUDLF QXPEHU

RI GHJUHH N LV � N� D UHVXOW WKDW DOORZV H[SOLFLW HmHFWLYL]DWLRQ� ,Q WKH IROORZLQJ
ZH VKDOO WHUP DQ HmHFWLYH LUUDWLRQDOLW\ PHDVXUH RI DQ DOJHEUDLF QXPEHU VPDOOHU
WKDQ /LRXYLOOH
V ERXQG QRQ�WULYLDO� ,W LV ZHOO�NQRZQ WKDW WKHVH QRQ�WULYLDO LUUD�
WLRQDOLW\ PHDVXUHV FRUUHVSRQG WR WKH DOJRULWKPLF VROYDELOLW\ RI FHUWDLQ 'LRSKDQWLQH
HTXDWLRQV� 7KXH� 6LHJHO DQG 5RWK LQ WXUQ LPSURYHG WKH UHVXOW RI /LRXYLOOH XQWLO
PDV\PS���  � ZDV REWDLQHG IRU HYHU\ DOJHEUDLF QXPEHU �� EXW DOO WKHVH LPSURYH�
PHQWV ZHUH VXEVWDQWLDOO\ LQHmHFWLYH �VHH >�@� SS� ����
7KH PDLQ PHWKRG XVHG WR SURYH LUUDWLRQDOLW\ UHVXOWV LV EDVHG RQ nQGLQJ VHTXHQFHV

RI UDWLRQDO DSSUR[LPDWLRQV IRU QXPEHUV VXFK WKDW WKH VHTXHQFHV FRQYHUJH WR WKHVH
QXPEHUV VXpFLHQWO\ IDVW� 0RUH H[DFWO\� LI ZH DUH FRQVLGHULQJ WKH LUUDWLRQDOLW\ RI D
QXPEHU �� ZH WU\ WR nQG D UDWLRQDO DSSUR[LPDWLRQ VHTXHQFH �S
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� VXFK WKDW ZH
KDYH DQ XSSHU ERXQG IRU S

Q

DQG T
Q

WKDW GRHV QRW JURZ WRR IDVW� :H VKRXOG DOVR
KDYH D GHFUHDVLQJ XSSHU ERXQG IRU WKH QRQ�]HUR UHPDLQGHU WHUP U

Q

 MT
Q

� b S
Q

M�
:LWK WKHVH WRROV ZH FDQ SURYH WKH LUUDWLRQDOLW\ RI D QXPEHU DQG DOVR GHWHUPLQH DQ
LUUDWLRQDOLW\ PHDVXUH IRU LW�
0RVW LUUDWLRQDOLW\ FRQVLGHUDWLRQV QRZDGD\V KDQGOH FODVVHV RI YDOXHV RI IXQFWLRQV

UHSUHVHQWHG E\ SRZHU VHULHV� ,Q WKLV FDVH WKH DSSUR[LPDWLRQ VHTXHQFHV DUH XVXDOO\
IRXQG XVLQJ UDWLRQDO DSSUR[LPDWLRQV IRU WKHVH IXQFWLRQV� 7KH FODVVLFDO 3DGuH DSSUR[�
LPDWLRQ LV IRXQG E\ GHWHUPLQLQJ D SRO\QRPLDO RI GHJUHH Q VXFK WKDW WKH SURGXFW RI
WKH VHULHV DQG WKH SRO\QRPLDO LQFOXGHV D JDS RI OHQJWK Q� L�H� WKH FRHpFLHQWV RI Q
VXFFHVVLYH SRZHUV DUH ]HUR� ,I ZH KDYH DQ DSSUR[LPDWLRQ ZLWK D JDS RI OHQJWK � Q
ZH VSHDN DERXW 3DGuH W\SH DSSUR[LPDWLRQ�
,Q WKH SDSHUV SUHVHQWHG KHUH WKH PDLQ LGHD LV WR JHQHUDOL]H WKH FODVVLFDO 3DGuH

DSSUR[LPDWLRQ RI WKH IXQFWLRQ ) LQ DQ DSSURSULDWH ZD\ WR REWDLQ �DULWKPHWLFDOO\�
EHWWHU DSSUR[LPDWLRQV� 7KLV PHDQV WKDW ZH WU\ WR nQG D UDWLRQDO DSSUR[LPDWLRQ
ZLWK FRHpFLHQWV VXFK WKDW WKH\ FRXOG EH PXOWLSOLHG WR LQWHJHUV ZLWK DV VPDOO D
PXOWLSOLHU DV SRVVLEOH� 7KH LPSURYHPHQW REWDLQHG LQ WKLV ZD\ LV EDVHG RQ WKH IDFW
WKDW IRU DQ DSSURSULDWH FKRLFH RI SDUDPHWHUV RI WKH JHQHUDOL]DWLRQ WKH FRHpFLHQWV
RI WKH DSSUR[LPDWLRQ SRO\QRPLDOV KDYH D QRQ�WULYLDO FRPPRQ IDFWRU� 7KLV RIWHQ
LQYROYHV DQ �DQDO\WLFDO� ZHDNLQJ RI WKH DSSUR[LPDWLRQ� ZKLFK PHDQV WKDW WKH DQ�
DO\WLFDO ERXQGV IRU WKH DSSUR[LPDWLRQV LQFUHDVH� 7KXV� WKLV SURFHGXUH OHDGV WR DQ
RSWLPL]DWLRQ SUREOHP� 2Q DFFRXQW RI WKH FRPSOH[LW\ RI WKH VLWXDWLRQ� WKLV LV GRQH
IRU HDFK YDOXH QXPHULFDOO\ ZLWK D FRPSXWHU�



��

�� 6XPPDU\ RI WKH RULJLQDO DUWLFOHV

���� 1RWDWLRQ DQG WKH JHQHUDO UHVXOW

$OO WKH SDSHUV SUHVHQWHG KHUH FRQVLGHU WKH SUREOHP RI FRPSXWLQJ LUUDWLRQDOLW\ PHD�
VXUHV IRU WKH YDOXHV RI WKH IXQFWLRQ
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WKH PHWKRG EHLQJ EDVHG RQ WKH 3DGuH W\SH DSSUR[LPDWLRQ
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RI WKH IXQFWLRQ ) GHULYHG IURP WKH IROORZLQJ JHQHUDOL]DWLRQ RI FODVVLFDO -DFREL SRO\�
QRPLDOV�
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,Q SDSHU , ZH nUVW FRQVLGHUHG WKH IXQFWLRQ ) LQ JHQHUDO WHUPV� :H QRZ JDWKHU
WRJHWKHU WKH EDVLF DVVXPSWLRQV DQG QRWDWLRQ QHHGHG WR VWDWH RXU WKHRUHPV�
:H DVVXPH WKDW F ! E ! �� E  D I� F  J K� ZKHUH D� I� J� K DUH QDWXUDO

QXPEHUV VXFK WKDW �D� I�  �J� K�  �� /HW XV GHQRWH %  E b �  ( )� &  
Fb Eb �  * + ZLWK (�* � ==� )�+ � ==�� �(�) �  �*�+�  �� )XUWKHU� OHW
/  O�F�P��)�+�� DQG OHW +e GHQRWH WKH GHQRPLQDWRU RI K + �WKHUHIRUH +e M+��
:H DOVR XVH WKH QRWDWLRQV
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2XU JHQHUDO WKHRUHP LQ WKH FRPSOH[ FDVH UHDGV DV IROORZV�
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7KHRUHP �� ,I U V � �b�� �� LV D QRQ�]HUR UDWLRQDO QXPEHU VDWLVI\LQJ
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���� 6KDUSHQLQJ LQ WKH ORJDULWKPLF DQG DUFWDQ FDVHV
EDVHG RQ D GLYLVLELOLW\ FULWHULRQ

7KHRUHP � LV VKDUSHQHG LQ WKH VSHFLDO FDVHV UHIHUUHG WR LQ WKH ,QWURGXFWLRQ XVLQJ D
WHFKQLFDO OHPPD FRQFHUQLQJ SULPHV GLYLGLQJ WKH QXPEHUVt

Q�%

L

ut
P� &

O b L

u
� L  �� �� � � � � O�

:LWK WKLV WRRO DQG DQ DSSURSULDWH FKRLFH RI WKH SDUDPHWHUV O�P DQG Q ZH DUH DEOH WR
nQG FDVHV ZKHUH WKH �DULWKPHWLF LPSURYHPHQW� REWDLQHG RYHUFRPHV WKH �DQDO\WLF
GHFOLQH�� :H DUH DOVR DEOH WR SUHVHQW H[SOLFLW IRUPXODH IRU WKH DV\PSWRWLFV RI
WKH FRPPRQ IDFWRUV RI WKH FRHpFLHQWV RI WKH DSSUR[LPDWLRQ SRO\QRPLDOV 4

O�P�Q

DQG 3
O�P�Q

LQ DOO WKUHH FDVHV� :H VKDOO ODWHU UHIHU WR WKLV WHFKQLFDO OHPPD DV WKH
'LYLVLELOLW\ &ULWHULRQ DQG WR WKH IDFWRUV GHVFULEHG DERYH VLPSO\ DV FRPPRQ IDFWRUV�
7KH ELQRPLDO FDVH KDV VRPH SDUWLFXODU IHDWXUHV RI LWV RZQ DQG WKXV ZH GHYRWH D
VHSDUDWH VHFWLRQ WR LW�
,Q RUGHU WR SUHVHQW WKHVH UHVXOWV� ZH GHnQH IRU n w m
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ZKHUH � � W � � DQG M]M � � RU ]  b�� DQG
5�m� n� ]�  PD[

��W��
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:H UHSKUDVH RXU UHVXOW IRU WKH ORJDULWKPLF IXQFWLRQ E\ nUVW FKRRVLQJ Q  P
DQG O  >mQ@� ZKHUH � � m � �� m  X Y� �X� Y�  � LV D UDWLRQDO RSWLPL]DWLRQ
SDUDPHWHU� :H GHQRWH E\ '

Q

�m� D FRPPRQ IDFWRU RI DOO WKH QXPEHUVt
Q
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8VLQJ RXU 'LYLVLELOLW\ &ULWHULRQ ZH DUH DEOH LQ SDSHU , WR GHWHUPLQH VXFK D FRPPRQ
IDFWRU ZLWK DQ DV\PSWRWLF '

Q

�m� z HQ~��m�� ZKHUH ~��m� KDV DQ H[SOLFLW IRUPXOD�
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7KH UHVXOW LV HmHFWLYH LQ SULQFLSOH DQG LV ZRUNHG LW RXW LQ DQ H[SOLFLWO\ HmHFWLYH
IRUP LQ SDSHU ,,,� L�H LQ WKH IRUP ���� 7KH PDLQ SRLQW LV WR XVH HmHFWLYH NQRZOHGJH
RI WKH SULPH QXPEHU IXQFWLRQV
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ORZHU ERXQG IRU WKH GHQRPLQDWRU 1 LQYROYHG LQ ���� ,Q SUDFWLFH QRW DOO WKH FKRLFHV
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RI SULPHV WR FRYHU YHU\ VPDOO HSVLORQV� (mHFWLYH UHVXOWV FRQFHUQLQJ GLVWULEXWLRQ RI
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DQG WKH FRUUHVSRQGLQJ FRQVWDQWV F DQG 1� DUH H[SOLFLWO\ GHWHUPLQHG�

:H DOVR GHWHUPLQH WKH QXPEHUV /
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�m� Q�� LQ SDSHU ,,, DQG VKRZ WKDW ZLWK FHUWDLQ
FKRLFHV RI m DQG Q� ZH REWDLQ LPSURYHPHQWV RI SUHYLRXV HmHFWLYH UHVXOWV IRU UDWLRQDOV
ZLWK ODUJH GHQRPLQDWRUV� ,Q SDUWLFXODU� ZH REVHUYH WKDW PHm�ORJ �� � ����� 7KH
FRUUHVSRQGLQJ FRQVWDQW LQ WKLV FDVH LV F  ��b�� DQG WKH ERXQG IRU WKH GHQRPLQDWRU
LV 1�  ��
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3DSHU ,, FRQVLGHUV WKH DUFWDQ FDVH DQG WKH ELQRPLDO FDVH� ,Q WKH DUFWDQ FDVH ZH

FKRRVH Q  O DQG P  >nQ@� ZKHUH n w � LV D UDWLRQDO RSWLPL]DWLRQ SDUDPHWHU� :H
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e PHDQV WKDW IRU D JLYHQ U V WKH LQnPXP LV WDNHQ RYHU DOO UDWLRQDOV n w �
VDWLVI\LQJ 5�n� N� � ��

,Q RUGHU WR FRPSDUH WKH UHVXOWV DQG PHWKRGV ZH PXVW UHYLHZ WR WKH KLVWRU\ RI
WKHVH FDVHV� 7KH QXPEHUV ORJ � DQG { 

S
� KDYH EHFRPH HVWDEOLVKHG DV VWDQGDUGV

IRU FRPSDULVRQ� DQG IROORZ WKLV WUDGLWLRQ� 7KH nUVW UHVXOWV IRU WKH ORJDULWKP ZHUH
REWDLQHG E\ 0RUGXFKDL�%ROWRZVNRM ������� ZKLOH 0DKOHU ������ JDYH PRUH DFFXUDWH
JHQHUDO UHVXOWV UHJDUGLQJ WKH DSSUR[LPDWLRQ RI ORJDULWKPV RI DOJHEUDLF QXPEHUV E\
PHDQV RI DOJHEUDLF QXPEHUV �VHH >�@�� 7KH nUVW H[SOLFLW LUUDWLRQDOLW\ PHDVXUHV IRU
WKH YDOXHV RI WKH ORJDULWKPLF IXQFWLRQ ZDV REWDLQHG E\ %DNHU >�@� ZKR REVHUYHG

WKDW PHm�ORJ �� � ���� ZLWK DQ H[SOLFLW FRQVWDQW F  ��b��� � 'DQLORY >��@ LPSURYHG
WKH UHVXOW WR PDV\PS�ORJ �� � ���� XVLQJ /DSODFH WUDQVIRUPV� DQG DOVR IRXQG WKDW

PDV\PS�{ 
S
�� � �����

$OODGL DQG 5RELQVRQ >�@ XVHG /HJHQGUH SRO\QRPLDOV WR REWDLQ UHVXOWV IRU DOO WKUHH
FDVHV� ,Q SDUWLFXODU� WKH\ DFKLHYHG WKH UHVXOWV

PDV\PS�ORJ �� � ���� DQG PDV\PS�{ 
S
�� � �����
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7KH\ DOVR JLYH DOO WKHLU UHVXOWV LQ HmHFWLYH IRUP� IURP ZKLFK ZH VHOHFW PHm�ORJ �� �
����� ZLWK WKH FRQVWDQW F  ������b�� 1LNL�VLQ >��@ VKRZHG WKDW DOO WKH SUHYLRXV
FRQVLGHUDWLRQV FRXOG EH JDWKHUHG WRJHWKHU DQG WKH SURRIV UHGXFH WR D FRQVLGHUDWLRQ
RI DSSUR[LPDWLRQV REWDLQHG IURP -DFREL SRO\QRPLDOV�
+XWWQHU >��@ FRQVLGHUHG WKH DUFWDQ FDVH DQG REWDLQHG D JHQHUDO DV\PSWRWLF UHVXOW�

DQG DOVR H[SOLFLWO\ HmHFWLYH UHVXOWV IRU VRPH QXPEHUV� ,Q SDUWLFXODU� KH JDYH QHZ
UHVXOWV IRU VRPH QXPEHUV ZLWK N  � DQG N  ��
&KXGQRYVN\ JDYH VHYHUDO LPSURYHPHQWV IRU ERWK FDVHV E\ JHQHUDOL]LQJ WKH DS�

SUR[LPDWLRQ SRO\QRPLDOV� +LV PDLQ LGHD ZDV WR DOORZ D FHUWDLQ GHJUHH RI IUHHGRP
IRU WKH DSSUR[LPDWLRQ DQG WKHQ RSWLPL]H QXPHULFDOO\ LQ WKH FDVHV FRQVLGHUHG� $OO
WKH ODWHU VKDUSHQLQJV KDYH HVVHQWLDOO\ EHHQ YDULDWLRQV RQ WKLV LGHD� +H DQQRXQFHG
LQ >��@ WKDW PDV\PS�ORJ �� � ������ ZKLOH KLV DV\PSWRWLF PHDVXUH IRU { 

S
� ZDV

������� 5KLQ >��@ JDYH TXLWH D VLPSOH H[SODQDWLRQ IRU &KXGQRYVN\
V SURFHGXUH DQG
LPSURYHG WKH DV\PSWRWLF PHDVXUH RI ORJ � WR ������ E\ HPSOR\LQJ PRUH FRPSOLFDWHG
SRO\QRPLDOV� +LV UHVXOWV DOVR FRYHUHG QXPEHUV QRW O\LQJ GLUHFWO\ ZLWKLQ WKH VFRSH
RI K\SHUJHRPHWULF WUHDWPHQW� IRU H[DPSOH P�ORJ �� � �����
,Q FRQVLGHULQJ WKH ELQRPLDO FDVH� &KXGQRYVN\ >��@ DOVR LQWURGXFHG WKH LPSRUWDQW

PHWKRG RI FRPPRQ IDFWRUV� 7KLV LGHD FRPELQHG ZLWK WKDW VHW RXW LQ WKH SUHFHGLQJ
SDUDJUDSK PDGH LW SRVVLEOH IRU 5XNKDG]H DQG 'XELWVNDV WR REWDLQ PDV\PS�ORJ �� �
����� DQG PDV\PS�{ 

S
�� � ������ UHVSHFWLYHO\�

+DWD >��@ JHQHUDOL]HG WKH FODVVLFDO /HJHQGUH SRO\QRPLDOV DQG DSSOLHG WKHP WR
WKH YDOXHV RI WKH K\SHUJHRPHWULF IXQFWLRQ DQG WR VRPH QXPEHUV LQYROYLQJ KLJKHU
GLPHQVLRQDO LQWHJUDO UHSUHVHQWDWLRQV� +H IRUPXODWHG KLV UHVXOWV RQO\ IRU VSHFLDO
QXPEHUV VXFK DV ORJ � DQG { 

S
�� IRU ZKLFK KH REWDLQHG WKH DV\PSWRWLF PHDVXUHV

������ DQG ������� 7KH HVVHQFH RI WKHVH VKDUSHQLQJV LV WKH VDPH DV LQ 5XFKDG]H
DQG 'XELWVNDV� ,Q >��@ KH XVHG FORVHO\ UHODWHG /HJHQGUH W\SH SRO\QRPLDOV DQG
FRQVLGHUHG WKH QXPEHUV
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ZLWK V VDWLVI\LQJ FHUWDLQ FRQGLWLRQV� ,Q WKLV FDVH KH DOVR JDYH DQ H[SOLFLW IRUPXOD
IRU WKH DV\PSWRWLFV RI WKH FRPPRQ IDFWRU RI WKH FRHpFLHQWV RI WKH DSSUR[LPDWLRQ
SRO\QRPLDOV�
2XU SDSHU , UHIRUPXODWHV WKH LGHD RI nQGLQJ WKH FRPPRQ IDFWRU RI WKH FRHpFLHQWV

RI DSSUR[LPDWLRQ SRO\QRPLDOV� 2XU 'LYLVLELOLW\ &ULWHULRQ JLYHV D JHQHUDO PHWKRG
IRU GHWHUPLQLQJ WKLV FRPPRQ IDFWRU IRU WKH -DFREL W\SH SRO\QRPLDOV $

O�P�Q

� 7KXV
LW LV SRVVLEOH IRU XV WR JLYH DQ H[SOLFLW IRUPXOD IRU WKH DV\PSWRWLF EHKDYLRXU RI WKLV
FRPPRQ IDFWRU LQ ORJDULWKPLF DQG DUFWDQ FDVHV� :H REWDLQ HVVHQWLDOO\ WKH VDPH
UHVXOWV IRU WKH QXPEHUV ORJ � DQG { 

S
� DV +DWD >��@� 7KH HmHFWLYH PHDVXUH IRU

ORJ � LQ SDSHU ,,, LPSURYHV WKH UHVXOW RI >�@ IRU UDWLRQDOV ZLWK ODUJH GHQRPLQDWRUV�
+DWD
V FDVH LQ >��@ LV FORVHO\ UHODWHG WR D VSHFLDO FDVH RI RXU DUFWDQ FDVH� DQG DOO

WKH FRPPRQ QXPHULFDO H[DPSOHV FRLQFLGH�
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7KH 3DGuH DSSUR[LPDWLRQ PHWKRG KDV EHHQ DSSOLHG WR LUUDWLRQDOLW\ FRQVLGHUDWLRQV RI
WKH YDOXHV RI WKLV IXQFWLRQ �VHH >��@ DQG >��@�� 7KHRUHP � SURYLGHV VKDUSHU PHDVXUHV
IRU FHUWDLQ FODVV RI YDOXHV RI WKH IXQFWLRQ * ZLWK D  � WKDQ GR WKHVH PRUH JHQHUDO
UHVXOWV� 7KH UHFHQW SDSHU >��@ HPSOR\V RXU 'LYLVLELOLW\ &ULWHULRQ WR REWDLQ VKDUSHU
UHVXOWV LQ VRPH RWKHU VSHFLDO FDVHV RI WKH IXQFWLRQ *�

���� 6KDUSHQLQJ LQ WKH ELQRPLDO FDVH DQG DQ DSSOLFDWLRQ

,Q RXU ELQRPLDO FDVH ZH KDYH E  � N� F  �� ZKHUH N w � LV D QDWXUDO QXPEHU�
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ZKHUH P PHDQV PDV\PS LI Q�  �� DQG PHm LI Q� � ==�� ,Q WKH ODWWHU FDVH WKH
FRQVWDQWV F DQG 1� DUH H[SOLFLWO\ VSHFLnHG IRU HYHU\ U V� N DQG Q� � ==� VDWLVI\LQJ
WKH FRQGLWLRQV RI WKH WKHRUHP�

3DSHU ,,, JLYHV DQ H[WHQVLYH OLVW RI HmHFWLYH LUUDWLRQDOLW\ PHDVXUHV DQG FRUUH�
VSRQGLQJ FRQVWDQWV IRU QXPEHUV RI WKH IRUP N

S
'� 7KLV LQYROYHV nQGLQJ DQ DSSUR�

SULDWH VROXWLRQ WR WKH 'LRSKDQWLQH HTXDWLRQ [N b '\N  .� L�H� D VROXWLRQ VXFK
WKDW . LV VPDOO ZLWK UHVSHFW WR [ DQG \� :H VKRZ LQ SDSHU ,,, WKDW VROXWLRQV WR
WKLV HTXDWLRQ WKDW H[FHHG D FHUWDLQ ERXQG DUH FRQYHUJHQWV RI WKH FRQWLQXHG IUDF�
WLRQ H[SDQVLRQ RI N

S
'� DQG HPSOR\ WKLV IDFW LQ D V\VWHPDWLF VHDUFK IRU DSSURSULDWH

VROXWLRQV� nQGLQJ VRPH FDVHV QRW H[SOLFLWO\ FRQVLGHUHG LQ SUHFHGLQJ SDSHUV RQ WKLV
VXEMHFW� 'LUHFW XVH RI 7KHRUHP � JLYHV UHVXOWV ZLWK 1� TXLWH ODUJH� (DVWRQ >��@
KDV SUHVHQWHG E\ PHDQV RI DQ H[DPSOH D PHWKRG LQYROYLQJ WKH FRQWLQXHG IUDFWLRQV
WR HOLPLQDWH WKH ERXQG 1�� :H SURYLGH D JHQHUDO IRUPXODWLRQ RI WKLV PHWKRG LQ
SDSHU ,,, DQG HPSOR\ LW WR REWDLQ UHVXOWV WKDW DUH WUXH IURP 1�  � RQ� ,QFUHDVLQJ
Q� LQ 7KHRUHP � KDV WKH HmHFW RI LPSURYLQJ WKH PHDVXUH� EXW WKH ERXQG 1� JURZV
DW WKH VDPH WLPH DQG WKH PHWKRG LQYROYHV FRPSXWDWLRQ RI WKH FRQWLQXHG IUDFWLRQ
H[SDQVLRQ XS WR 1�� 7KXV ZH VKRXOG FKRRVH Q� LQ VXFK D ZD\ WKDW ZH REWDLQ DV
JRRG D PHDVXUH DV SRVVLEOH� ZKLOH 1� UHPDLQV ZLWKLQ D UDQJH ZKHUH ZH FDQ DSSO\
WKH PHWKRG GHVFULEHG DERYH� 7KH QHZ DOJRULWKP RI 6KLX >��@ IRU WKH FDOFXODWLRQ RI
WKH FRQWLQXHG IUDFWLRQV RI DOJHEUDLF QXPEHUV PDGH LW SRVVLEOH IRU XV WR DOORZ WKH
ERXQG 1� WR EH RI WKH RUGHU RI PDJQLWXGH RI ��

������
7KHVH UHVXOWV FDQ EH DSSOLHG WR WKH VROXWLRQ RI WKH 'LRSKDQWLQH HTXDWLRQ

D[N b E\N  .� ���

XVXDOO\ FDOOHG WKH 7KXH HTXDWLRQ� 0RUH H[DFWO\� LI ZH KDYH D QRQ�WULYLDO LUUDWLRQDOLW\
PHDVXUH P IRU N

S
D E ZLWK DQ H[SOLFLW FRQVWDQW F� ZH REWDLQ DQ XSSHU ERXQG IRU

WKH VROXWLRQV [� \ LQ WHUPV RI D� E� N� .� P DQG F� 6RPH H[DPSOHV RI ERXQGV DQG
VROXWLRQV DUH DOVR JLYHQ� )RU LQVWDQFH� RXU UHVXOWV JLYH WKH XSSHU ERXQG ���d �����
IRU WKH VROXWLRQV RI M[� b �\�M � ��� �
,Q IDFW� WKH KLVWRU\ RI WKH DSSUR[LPDWLRQ RI WKH ELQRPLDO IXQFWLRQ LV VR FORVHO\

FRQQHFWHG ZLWK WKH SUREOHP RI VROYLQJ HTXDWLRQ ��� WKDW WKH WZR TXHVWLRQV FRXOG
QRW EH KDQGOHG VHSDUDWHO\� 7KXH >��@� >��@� >��@� >��@ ZDV WKH nUVW WR GHGXFH FODVVLFDO
3DGuH DSSUR[LPDWLRQV IRU WKH ELQRPLDO IXQFWLRQ DQG WR DSSO\ LW WR WKH VROXWLRQ RI
���� 7KXH
V LQHmHFWLYH LPSURYHPHQW RI WKH WKHRUHP RI /LRXYLOOH PDGH LW SRVVLEOH
IRU KLP WR UHVWULFW WKH QXPEHU RI VROXWLRQV RI ��� LQ FHUWDLQ FDVHV� )RU ODWHU UHVXOWV
FRQFHUQLQJ WKH QXPEHU RI VROXWLRQV RI ��� ZH UHIHU WKH UHDGHU WR >��@ DQG >��@�
7KH RWKHU OLQH RI LQYHVWLJDWLRQ DOVR RULJLQDWHG E\ 7KXH LV DQ DWWHPSW WR GHWHUPLQH

XSSHU ERXQGV IRU WKH VL]H RI WKH VROXWLRQV RI ���� ,Q IDFW� 7KXH
V SDSHU >��@ LQFOXGHV
UHVXOWV ZKLFK DUH HTXLYDOHQW WR QRQ�WULYLDO HmHFWLYH LUUDWLRQDOLW\ PHDVXUHV IRU WKH



��

N�WK URRWV RI FHUWDLQ UDWLRQDOV� H�J� IRU �
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PHWKRG LQ SDSHU ,,, IRU WKH VROXWLRQ RI ��� LV HVVHQWLDOO\ WKDW RI 7KXH UHnQHG LQ
FHUWDLQ UHVSHFWV� HVSHFLDOO\ E\ WKH XVH WKH FRPPRQ IDFWRU RI WKH DSSUR[LPDWLRQ
SRO\QRPLDOV DV SURSRVHG E\ &KXGQRYVN\ >��@�
,W ZDV DOPRVW KDOI D FHQWXU\ EHIRUH %DNHU >�@� >�@ HVVHQWLDOO\ UHGLVFRYHUHG WKH

PHWKRG RI 7KXH EDVHG RQ DSSUR[LPDWLRQ RI WKH K\SHUJHRPHWULF IXQFWLRQ� %DNHU
IRXQG� IRU H[DPSOH� WKDW PHm�

�

S
�� � ������ &KXGQRYVN\ >��@ ZDV DEOH WR LPSURYH

RQ WKH UHVXOWV RI %DNHU� EXW KH JLYHV KLV PHDVXUHV RQO\ LQ DV\PSWRWLF IRUP� DQG WKHVH
GR QRW DOORZ LPPHGLDWH HmHFWLYL]DWLRQ� IRU WKLV GHSHQGV RQ HmHFWLYH NQRZOHGJH RI
WKH GLVWULEXWLRQ RI SULPHV LQ DULWKPHWLF SURJUHVVLRQV� DQG WKH SRO\QRPLDO ERXQGV
XVHG DUH GHGXFHG IURP WKH /HPPD RI 3RLQFDUuH� )RU H[DPSOH� KH REVHUYHG WKDW
PDV\PS�

�

S
�� � ������� &KXGQRYVN\ DOVR JDYH DV\PSWRWLF ERXQGV IRU VRPH HTXD�

WLRQV ��� ZLWK KLJKHU GHJUHHV� EXW ZLWKRXW H[SOLFLW SURRIV� 7KH UHVXOWV RI 0F&XUOH\
>��@ PDGH LW SRVVLEOH IRU (DVWRQ >��@� >��@ WR ZRUN RXW VRPH FDVHV KDQGOHG E\ &KXG�

QRYVN\ LQ H[SOLFLWO\ HmHFWLYH IRUP� 2QH H[DPSOH RI KLV UHVXOWV LV PHm�
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'LRSKDQWLQH DSSUR[LPDWLRQ RI WKH YDOXHV RI WKH K\SHUJHRPHWULF IXQFWLRQ� DQG WKH
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